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Abstract
This thesis, developed at the interface between biology and applied mathematics,
explores fundamental steps in the evolution of life, namely the evolution of mul-
ticellularity and cellular differentiation. Cyanobacteria, the main model organism
for this work, were present on Earth billions of years ago and are a living im-
age of the primordial emergence of multicellular organisms. The three themes of
this work aim to study the evolutionary and ecological conditions governing this
emergence.
In chapter 2, we developed a theoretical model and tested it against experi-
ments, showing that multicellular life cycles can emerge as a result of birth/death
processes in an ecological context. When cell birth and death rates of multicellu-
lar filamentous bacteria are dependent on the density of cells in a population, a
predictable cycle between short and long filament lengths is produced. Changes in
generation time in bacterial populations can alter length distributions, and even
when fitnesses do not differ, average filament lengths can differ drastically. This
shows that differences in fitness are not the sole explanation for the evolution of
multicellular life cycles.
Chapter 3 is devoted to investigate how differentiation would evolve in a unicel-
lular context. This would require collaborative consortia of single cells that survive
through the exchange of common goods. Our mathematical model of cyanobac-
terial species shows that in such a configuration, deleterious mutations producing
cheater cells would lead to the collapse of the system. Moreover, an optimal ratio
between cell types that ensures an optimal growth can be achieved only in multicel-
lular organisms. These findings indicate multicellularity as a necessary condition
for the stability and the optimization of division of labor in cyanobacteria.
Through terminal differentiation, cyanobacteria achieve a spatial separation of
photosynthesis and nitrogen fixation, that are chemically incompatible. Undiffer-
entiated species separate the tasks in time according to a circadian rhythm. In
chapter 4, we use a theoretical model to compare the biomass production of the
two species types at different latitudes. We find that an optimal resource invest-
ment into reproduction and nitrogen fixation can enhance the biomass production
of terminally differentiated species as if there were no constraints.
The results in this thesis offer new perspectives on the evolution of multicellu-
larity and cellular differentiation in bacteria and higher organisms.
iii

Zusammenfassung
Diese Dissertation, an der Schnittstelle zwischen Biologie und angewandter Math-
ematik entwickelt, erforscht grundlegende evolutiona¨re Schritte, na¨mlich die Evo-
lution der Mehrzelligkeit und der zellula¨ren Differenzierung. Cyanobakterien, die
hier als Modellorganismus wirken, fanden sich auf der Erde schon vor Billionen
Jahren ein, deshalb sind sie ein lebendiges Bild der urspru¨nglichen Entwicklung
der mehrzelligen Organismen. Die drei Themen dieser Arbeit haben das Ziel, auf
die aufbauenden, evolutiona¨ren und o¨kologischen Bedingungen fu¨r solche Entwick-
lungen zu erforschen.
In Kapitel 2 haben wir ein theoretisches Modell entwickelt und es mit Exper-
imenten gepru¨ft. Damit zeigen wir, dass mehrzellige Lebenszyklen als Konse-
quenz des Geburts- und Todesprozesses der Zellen in einem o¨kologischen Zusam-
menhang entstehen ko¨nnen. Wenn Zellgeburts- und Todesrate der mehrzelligen
fadenfo¨rmigen Bakterien von der Populationsdichte abha¨ngig sind, wird ein vo-
raussagbarer Zyklus zwischen kurzen und langen Filamenten erbracht. Gener-
ationszeitsvera¨nderungen in Bakterienpopulationen ko¨nnen die La¨ngeverteilung
modifizieren. Auch wenn die Fitness der Populationen nicht abweicht, kann die
durchschnittliche Fadenla¨nge sehr unterschiedlich sein. Das zeigt, dass Unter-
schiede in Fitness nicht die einzige Erkla¨rung fu¨r die Entstehung von mehrzelligen
Lebenszyklen sind.
Kapitel 3 forscht nach, wie Differenzierung in einem einzelligen Zusammen-
hang sich entwicklen ko¨nnte. Das wu¨rde zusammen arbeitende Konsorte von
einzelligen Organismen voraussetzen, die durch den Umtausch von gemeinsamen
Gu¨tern fortleben. Unser mathematisches Modell von Cyanobakterien zeigt, dass in
einer solchen Umgebung scha¨dliche Mutationen, die Betru¨ger-Zellen produzieren,
den Zusammenbruch des Systems verursachen wu¨rden. Zudem ist ein optimales
Verha¨ltnis zwischen Zelltypen, das ein optimales Wachstum bewirkt, nur in einer
mehrzelligen Umgebung mo¨glich. Diese Ergebnisse zeigen, dass Mehrzelligkeit eine
notwendige Bedingung ist fu¨r die Stabilita¨t und die Optimierung der Arbeitsteilung
zwischen den Zellen.
Durch terminale Differenzierung erlangen Cyanobakterien eine ra¨umliche Tren-
nung von Photosynthese und Stickstofffixierung, die chemisch inkompatibel sind.
Undifferenzierte Arten trennen die Aufgabe zeitlich, einem Tagesrhythmus gema¨ss.
In Kapitel 4 benutzen wir ein theoretisches Modell um die Biomasseproduktion
beider Arten an verschiedenen geografischen Breiten zu vergleichen. Wir finden
v
heraus, dass ein optimaler Mitteleinsatz im Bereich der Vermehrung und der Stick-
stofffixierung die Biomasseproduktion der differrenzierten Arten erho¨hen kann, als
ob es keine Einschra¨nkung ga¨be.
Die Ergebnisse dieser Dissertation zeigen neue Perspektiven auf in der Evolution
der Mehrzelligkeit und der Differenzierung in der Bakterienwelt und in ho¨heren
Organismen.
vi
Laudato sii, mio Signore, per tutte le tue creature
(San Francesco d’Assisi)
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1 Preface and thesis overview
1.1 Preface
During the course of my PhD, I had the opportunity to start understanding how
fundamental and concrete is the role of bacteria in the evolution of life on our
planet. Bacteria made Earth a habitable planet and keep contributing to its life.
The study of their evolutionary history is of fundamental help in understanding
the development of more complex organisms. The following pages illustrate how
the developmental strategies of cyanobacteria represent milestones in the evolution
of multicellularity and cellular differentiation.
1.1.1 Multicellularity and cellular differentiation
Considering that the human body contains on average several tens of trillions of
cells, there is no doubt that we are multicellular individuals. Among these cells, one
can distinguish many different cell types, hence we are differentiated multicellular
organisms. The question of how and why multicellularity could evolve and give
rise to increasingly complex life forms has been tackled in several fields. Similarly,
the mechanistic aspects of the development of differentiated cells has been an
intriguing topic for many scientists. The evolutionary roots of such fundamental
biological processes date back to billions of years ago, when the first organisms
developed on the primordial planet. According to fossil records, bacteria already
exhibited multicellular shapes more than 3200 million years ago [173].
A wide range of factors have been hypothesized to lead to the evolution of
multicellularity and division of labor. Reduced risk of predation, enhanced motil-
ity, development of specific strategies for dispersion and allowance for coexistence
of chemically incompatible processes are just some of the most important ones
1
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Figure 1.1: On the time line the most relevant evolutionary stages are indicated.
Cyanobacteria were most probably present already 2.5 billion years ago, when the
great oxygenation took place.
[17, 86]. Some extant species of myxobacteria and cyanobacteria, as well as eukary-
otes such as the volvocales, retain simple multicellular traits and are hence excellent
model organisms for the study of the evolution of multicellularity [93, 217], which
arose independently several times in different kingdoms and phyla [17, 18, 95].
The subsequent chapters in this thesis include detailed reviews of the specific
topics related to multicellularity and differentiation. As cyanobacteria are the
model species in this thesis, the next section is devoted to present the role of
cyanobacteria in microbial evolution.
1.1.2 Cyanobacteria in microbial evolution
During Darwin’s time, the bacterial world was still mostly undiscovered, although
a pioneer of microbiology, Antoni van Leeuwenhoek (1632-1723), had already at-
tested to the existence of microorganisms. Darwin did not consider bacteria in his
Origin of Species. However, if he could have seen even some of the precambrian
fossil records discovered in modern times, he would have included them in his
tree of life. Bacteria represent one of the three domains of life (Bacteria, Archea
and Eucarya) and can illustrate some of the very first steps in the history of life.
Cyanobacteria occupy a special place in this history. Some scientists refer to the
the proterozoic era (2500-570 Ma) as the Age of cyanobacteria [174]. From the
mid 1960s onwards, advances in precambrian paleobiology contributed to the dis-
cover of many fossils belonging to the proterozoic era. Among them, cyanobacteria
are the most abundant species, and can be traced back to at least 2-2.5 billions
years ago [171, 22, 175] (Figure 1.1). Often, filamentous shapes and chains of cells
imprinted on rocks have a high resemblance to the extant species of multicellular
2
1.1. PREFACE
a b
Figure 1.2: A 2 Ma old stromatolite. The red color is due to iron oxidation. (b) Stro-
matolites in Yalgorup National Park (Australia). In this environment, the growth
rate of the stromatolites is about 0.4 mm per year.
cyanobacteria [172]. An additional type of fossil is represented by the stromatolites
(Figure 1.2a,1.2b). These are lithic layer formations, typically found in shallow
water, in which sediments and bacteria are trapped and stratified together. At
present, one of the best known examples of stromatolites is in Australia (Figure
1.2b). The morphology of cyanobacteria has been almost unaltered for billions of
years, indicating that these organisms possessed characteristic that allowed them
to survive after many environmental changes on our planet.
Cyanobacteria are photoautotrophic microorganism living in almost any aquatic
and terrestrial environment. Originally called blue-green algae, their name derives
from a blue pigment, phycocyanin, used to absorb light. Cyanobacteria possess
a complex photosynthetic apparatus, whereby they use solar light for oxygenic
photosynthesis. Their photosynthetic mechanism is based on two photosystems
(photosystems I and II, [82, 113]). According to the endosymbiotic theory, plant
chloroplasts developed from cyanobacteria that had the photosynthetic machinery
[62, 150]. Although the origin of oxygenic photosynthesis is under debate [23,
22, 97], there is evidence that cyanobacteria contributed to the great oxygenation
event around 2.4 billion years ago.
Many cyanobacterial species are able to fix molecules of N2 present in the envi-
3
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Figure 1.3: Examples of cyanobacterial species according to the classification of
Rippka [152].
ronment through nitrogen fixation (diazotrophs). This process takes place in cells
that express the nitrogenase enzyme. However, nitrogenase is oxygen-sensitive,
whereby oxygen, a byproduct of photosynthesis, inhibits nitrogen fixation. As it
will be explained later, the need for a separation of these incompatible processes
led cyanobacteria to adopt different developmental strategies, ranging from a cir-
cadian rhythm to cellular differentiation [57, 12].
With more than 2500 recognized species (source: AlgaeBase), cyanobacteria ex-
hibit a great diversity (Figure 1.3). The most used classification is due to Rippka
[152] and divides them in five sections according to their morphology, cellular dif-
ferentiation and cell division mechanism. They range from unicellular (sections
I and II) to filamentous (sections III and IV) and branching filamentous species
(section V). Species belonging to the first three clades are undifferentiated, while
those in sections IV and V exhibit cellular differentiation.
1.1.3 Relevance of Cyanobacteria
Cyanobacteria are not only relevant to evolutionary biology, and are also well
known for other aspects. Some species are toxic for animals and humans, as they
4
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Figure 1.4: Schematic view of the thesis. Structured in three themes, it aims to
understand the evolutionary, ecological and physiological conditions leading to the
development of multicellular individuals and differentiated cells in cyanobacteria.
can produce hepatotoxins, neurotoxins and toxic alkaloids [28]. People and animals
can be severely affected by cyanotoxins by drinking or bathing in contaminated
water [29, 80]. Cyanobacterial blooms in seas and oceans can be especially dan-
gerous, although they are observed mainly for a restricted number of species and
more frequently in particular environments and seasons [176].
On the other hand, cyanobacteria can be used for bioremediation and wastew-
ater treatment. Being photoautotrophic and diazotrophic, they represent a valid
alternative to heterotrophic species [101, 34]. Recently, applications in agro-
industrial wastes and wastewaters have been developed [116].
An additional application of cyanobacteria is their use as food supplements.
Since some active components of cyanobacteria are perceived to have beneficial
effects on human health, some species have been used in dietary products [89].
However, their long term effects are not known [58].
1.2 Thesis overview
The study of the factors leading to the evolution of cyanobacterial developmental
strategies implies the consideration of different points of view and a multidisci-
5
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plinary approach. With this perspective, the present work combines mathemat-
ical models with experimental tests. Figure 1.4 illustrates how the evolution of
multicellularity and cellular differentiation in cyanobacteria is approached from
different angles in this thesis. We first frame density dependent growth of multi-
cellular filaments in the context of classical ecological theory. The mathematical
model is complemented by morphological measurements on experimental filamen-
tous species (Chpt. 2). We then consider the specific case of cyanobacteria (Chpt.
3). With the help of a mathematical model of extant and alternative hypothetical
forms of cellular differentiation, we investigate the conditions allowing for the evo-
lution of cyanobacteria towards multicellularity and division of labor. The study
of cellular differentiation in cyanobacteria is extended by modeling two types of
division of labor, namely spatial and temporal (Chpt. 4). A comparison of phys-
iological performance in response to variation in environmental and physiological
parameters is used to obtain insights into the evolutionary advantages of each
species type.
As a further development, we present plans to study differentiation mechanisms
in Trichodesmium (Appendix D).
1.2.1 Emergence of multicellular life cycles (Chpt. 2)
As already mentioned, filamentous bacteria are among the oldest and simplest
multicellular life forms known. In Chpt. 2 we use computer simulations com-
bined with experiments that address cell division in filamentous bacteria. In this
context we investigate some of the ecological factors that can lead to the emer-
gence of multicellular life cycles. Using the classical ecological assumption that
birth and death rates are density dependent, the effect of this assumption on fila-
ment length dynamics is investigated. The model has been tested on heterotrophic
and cyanobacterial species. In order to make this new framework comparable to
experimental results, a new formulation of generation time in natural bacterial
populations is developed.
The model predicts that if cell division and death rates are dependent on the
density of cells in a population, a predictable cycle between short and long filament
lengths is produced. During exponential growth, there will be a predominance of
6
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multicellular filaments, while at carrying capacity the population converges to a
predominance of short filaments and single cells. Model predictions are experi-
mentally tested and confirmed in cultures of heterotrophic and photoautotrophic
bacterial species. Thanks to our new formulation for generation time, it is shown
that changes in generation time can alter length distributions. The theory predicts
that given the same population growth curve and fitness, species with longer gen-
eration times have longer filaments during comparable population growth phases.
Characterization of the environmental dependence of morphological properties
such as length, and the number of cells per filament, helps in understanding the
pre-existing conditions for the evolution of developmental cycles in simple multi-
cellular organisms. Moreover, the theoretical prediction that strains with the same
fitness can exhibit different lengths at comparable growth phases has important
implications. It demonstrates that differences in fitness attributed to morphology
are not the sole explanation for the evolution of life cycles dominated by multicel-
lularity.
1.2.2 The evolution of multicellularity and terminal
differentiation (Chpt. 3)
A common trait often associated with multicellularity is cellular differentiation,
which is a separation of tasks through the division of labor. In principle, the divi-
sion of labor does not necessarily have to be constrained to a multicellular setting.
In Chpt. 3 we focus on the possible evolutionary paths leading to terminal differen-
tiation in cyanobacteria. We develop mathematical models for two developmental
strategies. One, of populations of terminally differentiated single cells surviving
by the exchange of common goods. Second, of populations exhibiting terminal
differentiation in a multicellular setting. While the latter corresponds to extant
heterocystous species, the former has no correspondence to natural populations.
We hence investigate the conditions that make this kind of differentiation scarce.
We first test the ability of the two strategies in surviving against disruptive mu-
tations (i.e. “cheaters”) and in optimizing the ratio of vegetative to heterocystous
cells. In addition, we compare the performance of differentiated populations to
undifferentiated ones that temporally separate tasks in accordance to a day/night
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cycle. We then validate some predictions of our model by deriving phylogenetic
relationships obtained from analyzing 16S rDNA sequences of different cyanobac-
terial strains. In line with studies indicating that group or spatial structure are
ways to evolve cooperation and protect against the spread of cheaters, we find
that compartmentalization afforded by multicellularity is required to maintain the
vegetative/heterocyst division in cyanobacteria. Moreover, multicellularity allows
for selection to optimize the carrying capacity. The phylogenetic analysis are in
accordance with the theoretical results, indicating that terminally differentiated
cyanobacteria evolved after undifferentiated species. In addition we show that in
regimes of very short daylight periods, terminally differentiated species perform
worse than undifferentiated species that follow the day/night cycle, indicating that
undifferentiated species have an evolutionary advantage in regimes of short day-
light periods.
1.2.3 Comparison of spatial and temporal differentiation
(Chpt. 4)
As mentioned in the introduction, diazotrophic cyanobacteria are able to perform
nitrogen fixation. However, the inhibition of nitrogen fixation due to oxygen pro-
duced by photosynthesis imposes biochemical constraints on these species. In or-
der to overcome these constraints, cyanobacteria evolved two main developmental
strategies. Undifferentiated species adopt a circadian rhythm to achieve temporal
separation. Terminally differentiated heterocystous species opt for spatial sepa-
ration. In the differentiated species, the specialized heterocystous cells serve as
a microoxic environment in which nitrogen fixation can take place without being
inhibited.
The mathematical model presented in Chpt. 4 is designed to assess the ad-
vantages of each species type in terms of biomass production and population size.
Parameters affecting the model are geographical position and cell investment rates
in cellular division and nitrogen fixation. Moreover, for purposes of comparison,
we also model an idealized species in which nitrogen and carbon fixation occur
without biochemical constraints. On the basis of real solar irradiance data at dif-
ferent latitudes, we simulate the population dynamics over a period of 40 years
8
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for the three mentioned species types: circadian, heterocystous and the idealized
species.
Our results show that regardless of latitude, the biomass accumulation of op-
timized heterocystous cyanobacteria is comparable to that of the idealized un-
constrained species. This indicates that division of labor overcomes biochemical
constraints and enhances biomass production. The circadian rhythm modeled
here is subject to a strict temporal task separation that hinders a high biomass
production. This would suggest that selection is expected to reduce nitrogenase
sensitivity to oxygen in such species. In addition, we show the existence of a trade-
off between population size and biomass accumulation, whereby each species can
optimally invest resources to be proficient in biomass production or population
growth, but not necessarily both. Finally, the model produces chaotic dynamics
for population size, which can be relevant in the study of cyanobacterial blooms.
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2.1 Introduction
Multicellularity is an organizational characteristic present in the majority of organ-
isms whose size surpasses microbial scales. Phylogenetic inference suggests that
evolutionary transitions to multicellularity have occurred several times during the
history of life [26, 17, 32, 92, 64, 156]. Nonetheless, despite its fundamental im-
portance, it is difficult to empirically study the evolutionary and ecological forces
that may lead to a transition from single-celled to multicellular organization. One
set of theoretical explanations are based on examining the consequences of a shift
between units of selection. These approaches consider the changing boundaries of
an individual after a transition to multicellularity, and how the different activi-
ties of component cells can potentially lead to synergies that increase the fitness
of the multicellular assemblage [26, 183, 120, 64]. Experimental results concern-
ing social evolution in microbes are also largely compatible with this perspective
[24, 194, 207, 148, 63, 1].
An additional set of explanations for multicellularity are based on the potential
selective advantages associated with increased size. Among the proposed size-
related advantages are increases in the efficiencies of feeding [39, 16, 160, 141, 98,
186, 11], improved dispersal [16, 187, 218], and predator avoidance [193, 65, 179,
66, 140]. Though many of the proposed explanations are highly plausible, there
is a lack of empirical validation. Some notable exceptions are measurements of
motility and feeding efficiencies in Volvocalean green algae [186, 187], and density
dependent growth in Myxoccoccus xanthus [160, 178, 11].
Multicellular bacteria with a filamentous form are ubiquitous in many environ-
ments, including freshwater, oceans, soil, extreme habitats and the human body
[216, 136, 199, 159]. Extensive empirical work has been done to examine and
monitor filamentous bacteria that can be toxic or problematic in the environment
[85, 176, 149, 128]. Some filament-forming cyanobacteria also develop special-
ized terminally differentiated cells, named heterocysts, that fix nitrogen and allow
for the division of labor [192, 220]. Though differentiation can represent a clear
evolutionary advantage, theoretical and phylogenetic evidence suggests that in
the cyanobacterial case, undifferentiated multicellularity evolved prior to differ-
entiated multicellularity [161]. In aquatic bacteria, the most common hypothesis
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for the advantage of filamentation —and hence undifferentiated multicellularity—
is an increase in size and the concomitant defense against predation by grazers
[65, 179, 83, 139, 66, 138]. However, experiments indicate that the avoidance of
predatory grazers is not the only factor causing an increased frequency of filamen-
tous bacteria in aquatic environments [222]. Notably, in some bacterial species,
filament formation appears to be dependent on the growth state of the popula-
tion, whereby an increase in the dilution rate of chemostat cultures leads to longer
filament lengths [66, 67].
No theoretical studies address the distribution of filament lengths and the pop-
ulation dynamics leading to shorter or longer filaments, although differences in
length can reflect the extent to which a species is able to maintain multicellularity.
Environmental conditions such as temperature, solar irradiation and nutrient con-
centrations have been detected as factors in determining the mean size (filament
length) of different cyanobacterial species [87, 221, 100]. Several of these factors
also contribute to competition between species and adaptation to different niches
[106, 131]. Filament breakage can occur because of external mechanical stress,
lytic processes initiated by pathogens [180, 206, 211] or programmed cell death
[36, 110, 130, 14, 3].
In the present study, we deliberately avoid a modelling framework in which one
assumes an a priori fitness advantage to multicellularity. We also do not aim to
provide mechanistic explanations for the “origin” of multicellularity. Rather, by
considering cellular growth and division in a filamentous context, we investigate
the constraints that would affect filament formation and the maintenance of mul-
ticellularity. This gives an indication of the capability of bacterial organisms to
evolve multicellular life cycles according to their life history traits. Our model
is built on the basic assumption that the growth of a population of filamentous
bacteria and the changes in length of the filaments can be set in an ecological
framework. In classical population dynamics, the change in population size is gov-
erned by the processes of birth and death (and sometimes migration), combined
in the well known logistic equation due to Verhulst. In this model, birth and
death rates are usually assumed to be decreasing and increasing functions of the
population density, respectively. When the birth and death rates are the same,
the population density is at a steady state and is said to be at its carrying ca-
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pacity. The value at which the two rates are equal will be here referred to as the
turnover rate. The same carrying capacity can be achieved with different birth
and death rate functions, and therefore at different corresponding turnover rates
(Figure 2.1a).
Our approach to study distributions of bacterial filament length places the de-
scribed density dependent concepts in the context of a population of cells that can
form filamentous individuals. Although prokaryotes had been commonly thought
to be in principle immortal [219, 158], there is now evidence for programmed cell
death and lysis [151], and in addition aging and senescence [2]. Taking this into
account, a multicellular filament is made up of several cells, and a population of
filaments can be also considered as a population of cells. In this case, the popu-
lation size is given by the total number of cells, while the birth and death rates
coincide with the birth and death rates of each cell of the filaments. In such a
population, one can vary the turnover at which a given fixed carrying capacity is
achieved and ask the question if different turnovers correspond to different growth
strategies; namely whether during its growth cycle the population is composed
mostly of a few long filaments, or of many short filaments. Such a line of ques-
tioning is possible because as it will be shown, the rate at which a population
reaches its carrying capacity can be different from the rate at which it reaches its
stationary filament length distribution. The present work is an attempt to model
and experimentally test the dynamics of filamentous bacteria by only considering
basic life history traits of the population. The distribution of filament lengths in
the different growth phases can provide insights into the developmental strategies
of different filament-forming species, and the population conditions influencing
multicellular development.
In the following sections, we first state the model assumptions and we specify
the experimental setup for the culture of five filamentous bacterial species. Since
turnover is a key factor in our model, we chose species that also exhibit different
turnovers. We hence cultured heterotrophic species with fast generation time and
high turnover, and photoautotrophic species characterized by a slower generation
time and a low turnover. Heterotrophs differ from photoautotrophs in the way they
obtain organic carbon for growth. While the former absorb organic compounds
from the environment, the latter autonomously fix carbon using solar light as an
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energy source. We present the simulation results and test the model through a
comparison with our experimental results.
2.2 Methods
2.2.1 Theoretical model
We consider a population of multicellular, undifferentiated, non-branching filamen-
tous bacteria, whose growth is regulated only by the density-dependent birth and
death rates. In this context, the total number of cells of the population is used
as the population size. The birth and death rates are represented by birth and
death probabilities per iteration per cell. At every iteration, each cell in a filament
has a certain probability of dividing into two daughter cells or of dying. Based on
these probabilities, the number of cell divisions and cell lyses are calculated in each
filament. Accordingly, the filaments are elongated and then broken into smaller
pieces. We simulate the change in time of the population until it has stabilized
at its carrying capacity. At each iteration, the following steps are performed (see
Figure A.1):
(i) Computation of the total number of cells in the population Nc =
L∑
i=1
i ni, where
L is the maximal length of the filaments in the current generation and ni is the
number of filaments of length i.
(ii) Computation of the birth and death probabilities per cell per iteration, cor-
responding to the birth and death rate functions, respectively β = β(Nc) and
δ = δ(Nc):
β(Nc) = −c1Nc + 1, c1 = 1− θ
N∗c
(2.1)
δ(Nc) = c2Nc, c2 =
θ
N∗c
(2.2)
where Nc is the total number of cells and N
∗
c the carrying capacity. The latter
is defined as the value of the population size such that β(N∗c ) = δ(N
∗
c ) = θ < 1,
where θ is the turnover. The birth rate is a decreasing function of Nc. The death
rate is an increasing function of Nc.
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(iii) For each filament, we compute the number of births b and number of deaths
d occurring in the filament. As β and δ are the per cell probabilities, in a filament
of length i, the total number of events b or d can be viewed as the number of
successes in i trials, each one with probability of success β or δ. By picking from
a binomial distribution B, we determine b and d for each filament of length i:
b = random pick from B(i, β)
d = random pick from B(i, δ) .
The filament is elongated by b cells. Then, a number of d cells computed on
the basis of the original filament length i are randomly selected for lysis in the
elongated filament. The filaments resulting from the breakages are stored for the
next generation. After completing the scan of all the filaments, the new population
is set for the next iteration. The choice of initial conditions and the order at which
birth and death are applied to filaments do not significantly affect the results of
the simulations. The default initial condition for the simulations is a single cell.
Alternative algorithms implementing a reverse or a random order of birth and
death steps have been tested and produced similar results (figures not shown).
As stated in point (ii), this model implements linear birth and death rate func-
tions, with fixed carrying capacity. Alternatively, nonlinear functions have been
implemented and provided qualitatively comparable results (see §A.2). Consider-
ing the difference between those rates, given by β − δ = −(c1 + c2)Nc + 1, one can
observe that the net growth rate (c1 + c2) is independent of the turnover θ, since
c1 + c2 = 1/N
∗
c . This implies that regardless of the turnover, the population size
is expected to grow with the same curve for any turnover.
2.2.2 Relation between turnover and generation time
Before presenting the results, we provide a formula that helps to understand the
connection between the model parameters and the experimental data. In the the-
oretical model, the turnover is the characterizing property of a strain. However, in
natural bacterial populations, turnover is not an easily measurable quantity. For
bacteria, doubling time during the exponential growth phase is usually calculated
in lieu of generation time. Two populations with the same growth curve also have
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the same doubling time. Nonetheless, the reality is that the internal dynamics
leading to this growth curve can vary. In the same time period, the same concen-
tration of bacteria can be achieved by undertaking many births and deaths, or by
conversely having less births and also less deaths. This leads to different turnovers
and generation times. Moreover, at carrying capacity the population density is
stable, hence there is no indication of generation time at that stage by measuring
doubling time. Here we calculate the generation time of bacterial populations at
carrying capacity in relation to turnover rate.
According to a common approach in ecology to describe the dynamics of an age-
structured population [109], the mean age of parents at childbirth in a population
with stable age distribution is calculated as:
G =
( ∞∑
x=0
xlxmx
)/( ∞∑
x=0
lxmx
)
(2.3)
where x is the age, lx is the probability of survival from conception to age x,
and mx is the mean number of offspring at age x. G can be also interpreted as a
measure of generation time without making any assumption about the growth rate
of the population [33]. In our case, age is measured in number of iterations. We
consider bacterial cells as individuals that give birth by cell division and die by a
lytic process. Suppose that a cell survives a given iteration with probability 1− δ.
Then the probability that a cell is living after x iterations if δ remains constant is
given by lx = (1−δ)x. If also the probability of cell division is β at every iteration,
the average number of offspring at a given age x coincides with the probability of
birth β, whereby mx = β. The generation time of a cell can then be expressed as
Gcell(β, δ) =
( ∞∑
x=0
x(1− δ)xβ)/( ∞∑
x=0
(1− δ)xβ) = 1− δ
δ
, (2.4)
where the last equivalence was obtained by using geometric series. The standard
formula in (2.3) applies when the growth rate is constant. Given the logistic
nature of our model however, the functions β and δ are actually dependent on the
population size Nc. Only when the population approaches the carrying capacity,
namely when Nc → N∗c , we have that β, δ → θ, hence the growth rate is constant
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(equal to 0). We then present a formula for the generation time at the carrying
capacity. Substituting β = δ = θ in eq. (2.4), the generation time is given by
Gcell(θ, θ) =
1− θ
θ
(2.5)
which is a decreasing function of the parameter θ (Figure A.2). Hence, a population
with low turnover has a long generation time, whereby cell birth and deaths occur
at a low rate. On the other hand, populations with high turnover have a short
generation time, whereby births and deaths occur rapidly.
2.2.3 Experimental setting
Bacterial Strains. The heterotrophic strains used in the experiments were
Rudanella lutea DSM 19387T [213] and two new bacteria isolated from a mud
sample from tidal flats in Fedderwardersiel, on the North Sea coast of Germany,
Fibrella aestuarina BUZ 2T [49] and strain Fibrisoma limi BUZ 3T (Filippini et al.,
in press). The autotrophic strains were two axenic cyanobacteria, Nostoc musco-
rum SAG 25.82 (identical strains ATCC 27893; PCC 7120) and Anabaena vari-
abilis SAG 1403-4b (identical strains CCAP 1403/4B; UTEX 377; ATCC 29211;
PCC 6309).
Batch culture experiments for heterotrophs. The growth of the three
bacterial species was monitored in batch cultures. Stock bacteria were grown on
R2A plates for 3-4 days before starting the experiment. Colonies were homoge-
nized in 0.7% NaCl and finally distributed into 50-ml flasks containing 25 ml of
SM (DSMZ 7) or R2A medium (DSMZ 830) for F. limi, R. lutea and F. aestua-
rina, respectively reaching a starting optical density (OD) of 0.04. Bacteria were
grown on a shaker (120 rpm) at 29℃ and after different time periods sub-samples
were analyzed for OD and filament length. For R. lutea and F. aestuarina, two
batch cultures (A & B) were prepared and analyzed, whereas for F. limi only one
batch culture (A) was used for the experiment. Additionally, for each batch, three
technical replicates (i.e. a1, a2, and a3) were made. The OD was measured in
a spectrophotometer (SpectraMax 384 Plus, Molecular Devices, USA) at 700 and
600nm. The samples for length measurement were fixed with formaldehyde (final
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concentration, 2%), 20µl were distributed on a microscope slides and pictures were
taken with a digital camera (Color View, Soft Imaging System, 10x, 20x and 40x
objective) connected to a phase-contrast microscope (Olympus BX 51, Germany).
For each time point, between 10 and 20 pictures from separate fields were taken
and the sizes of the filaments were individually determined by hand using the Soft
Imaging software CellF (Olympus, Germany). At least 300 filaments from 10 dif-
ferent pictures were counted for each time point, in order to have a representative
distribution of filament lengths.
Batch culture experiments for cyanobacteria. As in the heterotrophic
case, the growth of the two cyanobacterial species was monitored in batch cultures.
Stock cultures were grown in 20 ml of BG11 medium [152] in 50 ml Erlenmeyers
one week prior to the experiment. Two ml of grown culture were added to 18 ml
of BG11 medium and cultivated on a shaker (150 rpm) at room temperature and
constant light (670 lux) for three weeks. Every two days, 200 µl subsamples were
taken, transferred into a microtiter plate and analyzed for OD (at 430, 630 and
680 nm; SpectraMax 384 Plus). Filament length was measured by distributing
20 µl samples in a counting chamber Neubauer-improved (Paul Marienfeld GmbH
& Co, Germany) and pictures were taken with a digital camera connected to a
phase-contrast microscope. Approximately 18 pictures with a 10x magnification
objective (or 2 pictures with a 4x magnification objective) were taken for each
time point, and the sizes of the filament were determined using the Soft Imaging
software CellF. For each time point, at least 50 filaments were counted in order to
have a representative distribution of filament lengths. Three experiment replicates
(Erlenmeyer flasks) of each cyanobacteria and four measurement samples of each
replicate were analyzed for OD. Initial stock cultures were also examined. For
filament lengths, four measurement samples were assayed from a single replicate.
In Figures 2.3d-e, we show the results of two experiment replicates (experiments
A and B).
To extrapolate the cell number from the filament length, an estimated size
of cells forming a filament was measured from several light microscopy pictures.
From at least 60 observations, the estimated mean cell lengths are 6.0 µm, 6.7 µm
and 5.9 µm for R. lutea, F. aestuarina and F. limi respectively. These values are
higher than those measured from the inoculum of the same bacteria, indicating
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Figure 2.1: Simulation model (a) and results based on 1000 runs (b,c,d). (a)
Schematic illustration of birth and death rate functions dependent on total number
of cells Nc. The value of the population at which the two rates are the same is de-
fined as the carrying capacity N∗c . We refer to the value of the rates at the carrying
capacity as the turnover rate θ. The plot illustrates that the same carrying capacity
can be achieved by species that have a different turnover. (b) For all birth and
death functions following the scheme in (a), Nc reaches the steady state following
the same growth curve despite the differing turnovers. Dashed line indicates the
time at which the carrying capacity is reached (see mathematical definition of N∗c
in § 2.3.1.1). Error bars represent standard deviation of the mean. (c) When the
population size reaches the carrying capacity (dashed line), the higher the turnover,
the higher the total number of filaments Nf . Nonetheless, after many more iter-
ations, Nf reaches a steady state of about 2500 filaments for all sufficiently small
turnovers (plot not shown). Error bars represent standard deviation of number of
filaments.(d) Box plots of filament lengths when Nc reaches the carrying capacity.
Populations with low turnover have higher median length values than populations
with high turnover. The corresponding pie charts on the top show the proportion
of single-celled, double-celled and longer filaments in the population.
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that cell size of heterotrophs may change over time. For cyanobacteria the mean
cell length is less variable, and an approximate cell length of 4.0 µm was used for
the conversion.
2.3 Results
2.3.1 Simulation results
2.3.1.1 Turnover and fitness
For the rest of this article, we will refer to the time at which the population reaches
its carrying capacity as the first time t such thatNc(t+1)/Nc(t) ≤ 1+, whereNc(t)
is the population size at time t and  = 1%. The growth curve of the total number
of cells gives information on the fitness of the strains. Figure 2.1b shows that for
any turnover, the total number of cells reaches the carrying capacity after less
than 20 generations with the same growth curve (average and standard deviation
of 1000 runs is shown). In our case, fitness is represented by net growth rate
and does not depend on turnover (see§ 2.2.1). Hence, populations with different
turnovers have the same fitness. On the other hand, when the total number
of cells reaches the carrying capacity, the total number of filaments (Nf ) differs
significantly according to the turnover (Figure 2.1c). At this point, Nf ranges
from values close to the carrying capacity, corresponding to almost unicellular
filaments (θ = 0.9), to values under 20 units (θ = 0.001). Figures 1b and 1c show
that the steady states of number of cells and number of filaments are not reached
at the same time. This is because the stationary filament length distribution is
reached much later than the steady state population density (carrying capacity).
In the long run, the number of cells per filament reaches a stable equilibrium of
about 2 cells per filament for sufficiently small turnovers, typically less than 0.1
(figure not shown). An analytical support for this result has been obtained by
deriving an analogous model in continuous time, as presented in §A.9. For higher
turnovers, the effect of discretization leads to a deviation from this equilibrium.
Hence, filament length distributions can be affected by turnover rates in temporary
phases of the population dynamics, before a stationary distribution is reached. An
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Figure 2.2: Sample simulations showing the mean filament length along successive
iterations for two different turnovers. Squares indicate the mean of the mean filament
lengths obtained through 1000 runs. Edges of the error bars correspond to the 2.5th
and 97.5th percentiles of the distribution of the mean filament lengths in the 1000
runs. In both cases, the mean length reaches a peak in the transient phase, and then
decreases gradually toward a state comparable to the one of the beginning. Lower
turnovers allow for higher transient peaks. The dotted line indicates the iteration
at which the carrying capacity is reached.
example is given by the time when the carrying capacity of the population is
reached (17 iterations in this case).
2.3.1.2 Length distribution at the time when carrying capacity is reached
Figure 2.1d shows the box plot of filament lengths when the total number of cells in
the population (Nc) has reached the carrying capacity N
∗
c = 5000 cells. This time
point however represents an intermediate stage before a stationary distribution
of filament lengths is reached. The corresponding pie-charts indicate the fraction
of single cells, double-celled filaments and filaments with more than two cells in
the population. When turnover is close to 1 (θ = 0.9), the population consists
mainly of unicellular and double-celled filaments. Note that θ = 0.9 means that at
carrying capacity, each cell has a 90% chance of dividing as well as a 90% chance of
subsequently dying. When θ = 0.1, filaments with one or two cells represent about
half of the population. For lower turnovers (θ = 0.01, 0.001), the median values of
the length are significantly higher. In the latter cases, filaments with more than
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two cells are more than 90%. Figure 2.1d shows that, as the turnover increases, the
fraction of short filaments when the population reaches its carrying capacity also
increases. The distribution means at this growth stage were statistically compared
by means of a one-way ANOVA and a multiple comparison (see §A.6). The means
obtained for θ = 0.9 and θ = 0.1 were not significantly different. All the other
pairwise comparisons were significant.
2.3.1.3 Length distribution during the transient phase
Figure 2.2 shows two examples where the mean length of the filaments was cal-
culated every iteration. The plot shows the average of 1000 runs, with error bars
indicating the 2.5th and 97.5th percentiles for the mean. The dotted line indicates
the iteration at which the total number of cells reaches the carrying capacity. An
increase to a peak of the mean length followed by a decay towards a steady state
is observed in all cases. At the end of the decreasing phase, the mean length is
comparable to that in the beginning. The same pattern was observed also for
θ = 0.01, 0.001 (see §A.3). An analytical characterization of the filament length
dynamics has been carried out in Appendix A (§A.8), where an approximation for
the iteration of first filament breakage has been derived. In order to statistically
analyze the average length trend, we considered three reference time points and
we compared the distribution of the means at those points using a non parametric
hypothesis test. As reference points we chose the starting point, the peak and
the carrying capacity. The outcome of the tests provides statistical evidence of
a significant increase and subsequent decrease of the average length. Details and
results are given in §A.6.
Significant differences are found in the maximum average length achieved. Long
filaments, with a mean length up to 250 cells, are observed at a turnover of θ = 0.1.
Longer filaments can be achieved with lower turnovers (Fig. A.4). For a higher
turnover (θ = 0.9), the average length of filaments at its peak does not exceed
100 cells. The observed trend indicates the prevalence of a cycle in the mean
length induced by the birth and death rates, whereby filaments are short in the
beginning, longer in the transient phase and again short at the carrying capacity.
Moreover, in the transient phase, filaments with low turnover can elongate more
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than filaments with high turnover.
2.3.2 Experimental results and model validation
In the theoretical model, the population stays at the carrying capacity once this has
been reached. However, since bacterial strains were not cultured in a chemostat,
carrying capacities could not be maintained indefinitely. In order to assure that
the experimental dataset and the simulation data are comparable, we indicate with
a dotted line the time point where the bacterial populations reach their carrying
capacity on each plot of the experimental results. This point was determined from
the OD curves (not shown). Subsequent to reaching the carrying capacity, the
process of filament breakage is eventually accelerated in the empirical case due to
a progressive decrease in available nutrients.
In order to prove significant increase and decrease of bacterial filament length,
we performed an ANOVA test associated to a multiple comparison on the data
based on Tukey’s HSD test [204]. Details of the tests for each species and within
species are provided in Appendix A (§A.6).
In the following sections, the time point 0 is represented by the inoculum.
The starting culture of heterotrophs was taken from plate colonies and vortexed.
Because of nutrient depletion in plate colonies and mechanical breakage through
vortexing, the heterotrophic inoculum is composed of mainly single cells. The
starting cultures of cyanobacteria were taken from cultures grown for more than
one week, gently pipetted and diluted. At inoculum, cyanobacteria filaments had
an average filament length of about 45 cells (N. Muscorum) and about 75 cells (A.
variabilis).
2.3.2.1 Mean length trend
Figures 2.3a,b and c show the change in time of the mean length of heterotrophic
bacteria R. lutea, F. limi and F. aestuarina. The pattern is similar in all three
cases: the mean length increases until a peak, after which it decreases and reaches
a value approaching that of the inoculum (see Table A.1 in Appendix A). This
trend is recognizable in Figure 2.4, showing micrographs of F. aestuarina taken at
different time points. Remarkably, experiments A and B on F. aestuarina give very
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similar results, showing a high repeatability of the observed pattern (Fig. 2.3c). A
comparison of the theoretical and F. aestuarina length distributions against time
is shown in Appendix A (§A.4, Figure A.6). The mean length of cyanobacteria,
tracked for two months, shows a qualitative trend similar to that of heterotrophs,
albeit much slower. Both the A. variabilis and N. muscorum species have a mean-
length peak in the transient phase. However, because of the low turnover, they
need more time than heterotrophs to reach the stationary distribution, as predicted
by the model. When they reach carrying capacity, they are still long.
The pattern observed in heterotrophs is comparable with the simulation results
shown in Figure 2.2. The trend of the cyanobacteria, although not so markedly
conclusive, gives indication that the model predictions hold also in autotrophs. An
additional illustration of the mean length trend of the cultured species is provided
in Figure A.5 of Appendix A.
2.3.2.2 Length in the transient phase
Generation times in heterotrophs and cyanobacteria are very different. While the
former are observed on the scale of hours, the latter grow on a scale of days/weeks.
The difference could be in principle due to the different trophic state of the bac-
teria. This hypothesis could be tested by means of a comparison between dif-
ferent generation times intraspecifically in the autotrophs or in the heterotrophs.
However, this goes beyond the scope of the present work and we proceed rely-
ing on the mathematical derivation of section § 2.2.2. According to the relation
between generation time and turnover established in § 2.2.2, we assume that the
heterotrophs and cyanobacteria have high and low turnovers, respectively. The
simulation results presented in § 2.3.1.3 show that the peak value of the mean
length in the transient phase increases with decreasing turnover. Figure 2.3 shows
that heterotrophic filaments will rarely be longer than 60 cells. The length of
cyanobacteria can be significantly higher than that of heterotrophs. N. musco-
rum and A. variabilis filaments have up to around 350 and 600 cells respectively.
Hence, cultured bacterial populations support the model predictions, indicating
that bacteria with a putatively higher turnover (in this case heterotrophic species)
are able to elongate less than those with lower turnover (cyanobacteria).
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Figure 2.3: (a)-(e) Empirical measurements showing mean length of bacteria against
time. Edges of the error bars correspond to the 2.5th and 97.5th percentiles of the
measured lengths. Diamonds indicate the mean of measured filament length at each
time point. Data from both heterotrophic and photoautotrophic species are shown.
The zero time point corresponds to the inoculum. The dotted line indicates the
time at which the carrying capacity was reached. (f) Box plots of filament lengths
when the bacterial populations reach their carrying capacity. The capital letter next
to the species name indicates the experiment used in the plot. The corresponding
pie charts on the top indicate the proportion of single-celled, two-celled and longer
filaments in the population.
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2.3.2.3 Distribution of lengths at the time when carrying capacity is reached
In Figure 2.3f, the box plots and the pie charts show the proportion of short and
long filaments in the cultured bacterial populations when they reach their carrying
capacity. As for the simulation results, the pie charts illustrate three length classes,
namely single cells, double- celled filaments and filaments with more than two cells.
The heterotrophs show a considerable amount of short filaments, with a proportion
of single cells and double-celled filaments varying across species in the range 8%-
16% and 29%-42% respectively. In cyanobacteria, filaments with one or two cells
are absent. Figure 2.3f can be compared with Figure 2.1d. Again, the experimental
results confirm the theoretical predictions, according to which short filaments at
the carrying capacity are more abundant in populations with high turnover.
2.3.2.4 Serial transfer experiment and simulations
If filament elongation is governed by density dependent processes as hypothesized
in the model in § 2.2.1, then interventions on such underlying processes should
produce testable hypotheses. Experimental manipulation of cell densities is one
simple possibility. If the population drops significantly below its carrying capacity,
the filaments that survive in this new condition should be able to elongate or at
least maintain their original length until the carrying capacity is reached again.
We simulated and experimentally carried out a series of successive transfers of
bacterial populations, whereby a fraction of the population was transferred to a
fresh medium whenever the average length of the original population was close
to its peak. Filaments developing in the fresh medium were expected to keep or
increase the length reached at the previous stage. Details of the computational
and experimental settings are provided in §A.7 of Appendix A. Figure 2.5a shows
the average length of filaments obtained by successive transfer simulations. Figure
2.5b shows the average length of F. aestuarina tracked along successive transfers.
In this case, filament size slightly increases or remains almost constant in most of
the cases. The fact that filaments do not elongate so strongly as in the simulations
could be due to physical handling (breakage of long filaments while pipetting) or
to other culture conditions influencing the elongation that were not considered in
the model. The model results indicate that the filaments transferred to the fresh
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Inoculum 17h
48h 168h
50 µm
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50 µm 100 µm
Figure 2.4: Bright field micrographs of F. aestuarina bacteria at different stages of
their growth. The initial population (inoculum) is composed of many small fila-
ments. After 17 hours, the filaments reach their maximal length. After this peak,
the bacteria progressively break towards a mixed population of short and medium
filaments as they reach their carrying capacity (48 hours). Eventually, the filament
lengths approach the mean of the inoculum.
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Figure 2.5: Simulations and experiment of serial transfers. Symbol shapes and shad-
ing indicate different transfers. Arrows indicate the trend of each culture. (a) Com-
puter simulations of successive transfers. When the average filament length is at
its peak, the population density is below the carrying capacity. Whenever a culture
reaches this peak, the corresponding average length is used as a starting condition
of a new simulation at lower density (transfers 1 to 4). This procedure simulates
the transfer of an aliquot of a higher density population to a fresh medium. Edges
of the error bars correspond to the 2.5th and 97.5th percentiles of the distribution
of the mean filament lengths in the 1000 runs. (b) Average length of F. aestuarina
during serial transfers to fresh medium. The first transfer was done after 17 hours.
For the first five transferred cultures, the mean length was measured and plotted at
several successive time points. For subsequent cultures, only one measurement was
taken. Edges of the error bars correspond to the 2.5th and 97.5th percentiles of the
measured lengths.
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medium maintain or increase their length, and eventually, start shortening when
they reach their carrying capacity again. The experimental results, although not
as strong as the simulations, show that the transferred bacteria are generally able
to maintain their length.
2.4 Discussion
Filamentous bacteria can be viewed as a simple example of multicellular individ-
uals. Some of them, such as filamentous cyanobacteria, have been present in the
environment since the early stages of life, as indicated by fossil records and phylo-
genetic analyses [76, 6, 215, 168].The theoretical model shows that at various life
stages, two populations with the same fitness and carrying capacity can differ in
the composition of filament length classes according to the life history traits reg-
ulating their growth. Although the long term stationary distribution of filament
length is the same for any sufficiently small turnover rate, the differences due to
turnover observed at other growth stages (e.g. transient phase, when reaching car-
rying capacity) are quantitatively significant and biologically relevant. Filaments
belonging to a population with high turnover (and hence short generation time)
have moderate lengths at their maximum growth phase. Furthermore, when the
population reaches carrying capacity, they are chiefly unicellular. Individuals of
a population with low turnover (and hence long generation time) can instead be-
come very long in the transient phase, and still be multicellular when reaching the
carrying capacity. The species that we cultured show evidence that the predictions
of the model hold. The relation between bacterial generation time and turnover
derived in § 2.2.2 helps us to understand the relationship between simulations and
experiments. The heterotrophs have a faster generation time than the cyanobac-
teria (and hence a higher turnover). As a consequence, while the heterotrophic
filaments are rarely longer than 60 cells, the cyanobacteria can reach lengths of
up to 600 cells. Theory and experiments both show that according to different
life history traits, bacteria can cover a wide spectrum of lengths, indicating that
multicellularity can be achieved to different degrees. Moreover, a key feature of
this model is that the predominance of multicellularity during the life cycle is not
necessarily determined by morphology-dependent differences in fitness. Here, the
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factors affecting multicellularity are birth and death rates, and hence turnover rate
and generation time.
The model indicates a common temporal behaviour for filament length distri-
butions. The mean length increases and peaks during the transient growth phase,
and then decreases until it reaches a value approaching the initial conditions. The
results from cultured bacterial populations of heterotrophic and photoautotrophic
species show that the predicted trend in filament length distribution is robust
across species, and is representative of what occurs in nature. The fact that in-
dividuals eventually become shorter (and of average length 2 at the stationary
distribution) regardless of turnover is due to the effect of cell lysis on a filament.
Consider a filament of length L. A cell division (birth) increases its length by one
unit, namely the filament length becomes L+ 1. By contrast, after a cell lysis, the
expected filament length will be on average L/2. The average effect of cell death
on length is hence much larger than that of cell birth. This is consistent with the
expectation that the average filament length in a population can keep increasing
if the death rate remains sufficiently low, as shown in the estimation of the time
of first filament split (§A.8). When the average filament length in the population
is at its stationary distribution, cell birth and death have the same effect. This is
achievable only if the filaments are of average length 2. This argument is supported
by the analysis of the analogous continuous time model derived in Appendix A.
In this context, a way to avoid the breakage into small filaments is to decrease the
effect of cell lysis on organism size. A solution in this direction is the evolution of
a second or third dimension, as in spherical multicellular bacteria [90] or microbial
biofilms. In this cases, if we think of a square or a ball of N cells, a cell division
will still lead to an individual of N + 1 cells, but cell death will also only decrease
size by one unit, resulting in a size of N − 1 (as opposed to N/2).
There are no previous theoretical and experimental results that are directly
comparable to the results presented here. However, the extensive work of [66]
and [67] set important precedents and reference points. These works focus on
the effects of predators on selection for longer filament lengths. Their results are
not directly comparable to those presented here because the death rates due to
predators preferentially aﬄict smaller filaments and single cells. However, they
also provide revealing information on the dynamics of filament formation in the
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absence of predators. Hahn et al. (1999) show that increasing the nutrient flow and
the dilution rate of a chemostat in the absence of predators leads to longer filament
lengths. This corresponds to our prediction that in transient growth conditions
with lower population densities, filament lengths would get longer. Furthermore,
though they do not present extensive data on this, Hahn et al. (1999, p.28)
mention that in batch culture, the percentage of multicellular filaments is higher
in the exponential phase in comparison to the stationary phase. This situation is
again consistent with the predictions presented here.
The model studied here is a general model of filamentous growth, and is not
restricted to prokaryotes. Many simple forms of eukaryotic algae grow in a multi-
cellular filamentous form, and the theoretical results presented here are in principle
also valid for such eukaryotes. However, it is clear that eukaryotic algae have sur-
passed their prokaryotic counterparts in their morphological diversity. There are
at least six major algal lineages in which filamentous multicellularity has evolved:
the Phaeophyta, Rhodophyta, Chrysophyta, Chlorophyta, Charophyta and Em-
bryophyta [129]. However, in each of the latter cases, higher dimensional variants
have also evolved, whereupon cell division can occur in more than one planar di-
mension. This diversity can for example range from the simple globular multicellu-
larity of some of the Volvocales (within the Cholorphyta), to the highly differenti-
ated and developmentally complex vascular land plants (within the Embryophyta).
Furthermore, plants can differentiate into diverse developmental modules such as
branching nodes, leaves, inflorescences, and root structures. By combining such
modules in different combinations, they can access a wider variety of morphologies
during their growth process [145, 195]. This flexibility in morphology can translate
into both phenotypic plasticity and evolvability.
Developmental life cycles are not unique to multicellular eukaryotes, and an
understanding of how they evolved is lacking. Theory and experiments in this
article indicate that the size of the individual, in terms of number of cells, can
follow a cycle: from unicellular (or short length) to multicellular and back to
unicellular (or short length) again. Each time, the initiation of the cycle can be
hypothetically achieved by moving cell density below the carrying capacity (e.g.
increases in fluid or nutrient availability). The transfer experiment and simulations
do not contradict this hypothesis.
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In our model, only the birth and death rates play a role in the change in size
during the bacterial life cycle. These life history traits are intrinsic properties of
every living organism. This pattern, which automatically arises from the interplay
between ecology and the filamentous nature of the bacteria, is an emergent prop-
erty. As such, it can serve as the basis for a primitive life cycle, upon which a more
complex developmental program can be subsequently built. As a case in point,
some species of Nostoc can differentiate into hormogonia during low growth phases
characterized by high stress or scarce resources. These hormogonia are short fil-
aments specialized for survival in harsh conditions, which subsequently migrate
to a new area before growing into full grown filaments again [118]. Our results
suggest that the cycling of filament lengths between growth and static phases of
the population is a pre-existing context within which multicellular developmental
cycles and differentiation can evolve.
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3.1 Introduction
3.1.1 Multicellularity and the germline-soma divide
Multicellular organisms undergo cellular differentiation in order to perform dis-
tinct tasks. A fundamental example is differentiation into germline and somatic
cells. This division of labor was first elucidated by Weismann [212, 169] upon
studying aquatic animals such as hydrozoans, and green algae of the order Volvo-
cales. He distinguished between germ cells (Keimzellen) that contribute cells and
hereditary material to the subsequent generation of a multicellular individual, and
somatic cells (Somatische Zellen) that help in the survival of an individual during
its lifetime. In some animals, differentiation into germ cells can be irreversible,
referred to as “terminal differentiation.” The germline-soma divide is now viewed
as a fundamental organizational scheme in complex multicellular organisms, and
is central to understanding the interplay between natural selection at the level of
the multicellular individual, and competition between its component cells [25, 26].
The separation between a germline and soma is not unique to Eukaryotes, and
is also mirrored in differentiated multicellular cyanobacteria [165]. The latter can
differentiate into vegetative and heterocystous cells, which are functionally equiv-
alent to germline and soma respectively. Moreover, differentiation into heterocys-
tous cells is terminal. The fact that the same fundamental organizational scheme
for the division of labor has independently appeared in such disparate lineages
suggests that there may be general conditions that favor the emergence of such
an organization. With this view in mind, multicellular cyanobacteria can serve as
a model organism for understanding the developmental and ecological conditions
that lead to the evolution of terminal differentiation and a germline-soma divide.
Although there is a growing literature on modelling the ecology and population
dynamics of nitrogen fixing cyanobacteria [201, 162, 147, 5], the factors that can
affect the evolution of multicellularity and differentiation in these organisms has
not been examined. In this work we try to approach several fundamental questions.
First, we ask what are the fundamental conditions necessary for the evolutionary
stability of a terminally differentiated soma in cyanobacteria. Secondly, we ask
how differentiation is related to fitness, and how the rate of differentiation can be
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optimized in an evolutionary context. Third, we address some of the ecological
conditions that may favor the spatial separation of tasks between cyanobacterial
cells. Fourth, we examine the phylogenetic history of cyanobacteria in light of our
theoretical results.
In the rest of this introduction we discuss the empirical and theoretical back-
ground necessary for the models that we subsequently develop.
3.1.2 Multicellularity in cyanobacteria
The cyanobacteria encompass both unicellular and multicellular species, and are
among the most ancient multicellular organisms known [171]. Among multicellu-
lar species, differentiation into heterocystous forms seems to have a monophyletic
origin [205, 177, 202]. Multicellular cyanobacteria such as members of the gen-
era Anabaena and Nostoc are often present as filaments differentiated into two
kinds of cells: vegetatives and heterocysts [220]. Some species also have akinete
cells specialized for surviving harsh conditions (hence being similar to spores in
their function). We will not deal with akinetes in this study. Vegetative cells are
photosynthetic and reproduce by cell division, giving rise to either vegetative or
heterocystous cells. They use solar energy and carbon dioxide for the purpose of
carbon fixation, and fixed nitrogen in the form of nitrates for building molecules
such as amino acids. Fixed nitrogen is produced by heterocysts, whose main task
is nitrogen fixation using free atmospheric nitrogen. Heterocysts cannot divide
and originate from the division of vegetative cells (a portion of vegetative divi-
sions leads to heterocysts instead of vegetative cells). The need for division of
labor between cells that either fix nitrogen or carbon arises from inhibitory chem-
ical interactions between photosynthesis and nitrogen fixation. By having the two
chemical reactions occur in different cells, filamentous cyanobacteria can improve
the efficiency of nitrogen fixation. In undifferentiated cyanobacteria such as Syne-
chocystis sp. or Oscillatoria sp., the main strategy is to have a day and night cycle
(cyrcadian rythm) [189, 96, 10, 84, 102], according to which photosynthesis and
nitrogen fixation are temporally separated. The interactions among vegetatives
and heterocysts can be also framed in the context of cooperation. Heterocysts
sacrifice the possibility of reproduction and fix nitrogen for all the cells, in this
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Figure 3.1: Schematic classification of cyanobacterial species based on Rippka et al.
(1979).
sense being a fully altruistic entity. Vegetative cells are also cooperative: they do
not use all their progeny to pass their genes to the next generation, because part of
it will become heterocystous and will lose this ability. If vegetative cells produce
few or no heterocysts in order to maximize their reproductive success, they act as
defectors.
A detailed classification of the cyanobacteria has been made by Rippka et al.
[152]. Cyanobacteria are phenotypically classified into five sections (I-V), which
are schematically depicted in Figure 3.1. In the case of heterocystous section
IV species such as Anabaena sp., it has been recently established that filaments
are truly multicellular, in the sense that the periplasmic space along the filament
is continuous [52, 115]. This allows for an exchange conduit for nutrients and
other molecules between cells. Given that cyanobacteria are gram negative and
possess two membranes, the continuity of the periplasm is acheived via the outer
membrane, which forms a unified compartment around a chain of cells, rather
than individual cells. Each cell is in turn also encapsulated by its own cytoplasmic
membrane. In addition, there is some evidence for direct exchange between the
cytoplasms of adjacent cells through membrane channels [126].
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3.1.3 Evolution of multicellularity and cooperation
The evolutionary transition between unicellular and multicellular forms involves
conflicts between different levels of selection [26, 183, 148, 121]. The benefits
associated with multicellularity may for example include size, nutritional advan-
tages, collective protection against antagonists, and division of labor [178, 18, 86].
However, multicellular organization does not automatically imply the existence of
differentiation. Undifferentiated multicellularity can have its own advantages over
single-celled organization [142, 141, 218].
Once multicellularity has evolved, one can consider the conditions under which
cellular differentiation would be advantageous. For example, the division between
germline and soma can be analysed as a consequence of the interplay between
two fitness components, namely reproduction and survival [212, 123]. Cooperation
among cells is fundamental in building a differentiated multicellular organism. Sin-
gle entities lose the opportunity of selfish reproduction in order to become part of
a community of cells. They produce and share nutrients with the others instead of
using everything to their advantage, hence increasing the fitness of the multicellular
unit [122]. However, such a behavior can be abandoned by defectors (or cheaters),
who exploit the cooperative acts but do not contribute to the common good. Fol-
lowing the work of Hamilton [68, 69], various studies have been made about cooper-
ation and selfish behavior using game theoretic approaches [182, 75, 181, 74, 134].
Non cooperative or “cheating” behavior is common in many ecosystems: cheaters
can exhibit selective advantages over the competitors [8, 164, 19], but can lead
to reciprocal extinction or to stable mutualistic associations [38, 153, 48]. Over-
exploitation of a common good by cheaters is often referred to as the “tragedy
of the commons” [72]. It is known that some kind of subpopulation grouping
is required for resolving this problem. The classic explanations are kin selection
[68, 69, 184, 55, 105, 214] and reciprocity [203, 8, 107, 70, 105, 196] . Other
mechanisms are for example differential dispersal [45, 73], resource supply [20],
spatial structuring of the population [132, 133, 47, 127, 142, 141], allowing for
the random emergence of association groups [119, 198, 91], or imposing threshold
conditions in the rules of the game [9]. Various aspects of these theories have been
validated in microbes [24, 194, 207, 148, 63, 114, 214]. For example, assortment
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and phenotypic noise can allow the evolution of self destructive-cooperation in
Salmonella thyphimurium [1], while kin selection limits cheating in the slime mold
Dictyostelium spp. [24, 61].
Hypercycles, which are autocatalytic networks of enzyme reactions, are another
system where the issue of cheating and the importance of population subdivision
arises [40, 41, 42]. Hypercycles are susceptible to invasion by “parasitic” enzymes
that have reduced catalytic activity for the replication of their target enzyme. It
has been suggested several times [40, 42, 185, 43, 119] that one way to escape the
problem of parasite invasion in the latter case would be the evolution of compart-
ments or “protocells” that allow different hypercycles to compete. The “stochastic
corrector model” of Szathmary and Demeter [198, 183] implements a version of
this concept. In a similar vein, an alternative path to achieve population substruc-
turing is the introduction of spatial heterogeneity. [15, 7, 167, 54, 77].
3.2 Methods
At present, there are no known single-celled species of cyanobacteria that ter-
minally differentiate to form collaborative single species consortia as a means to
divide labor between nitrogen and carbon fixers (top-right box in Figure 3.1). We
model the latter hypothetical scenario (single-celled model) and that of differenti-
ated multicellularity (compartmental model, bottom-right box in Figure 3.1).
3.2.1 Mathematical Models
3.2.1.1 The single-celled model
We consider a single-celled model (Figure 3.2a) where vegetatives, heterocysts
and cheater vegetatives compete for nitrate, fixed carbon and solar energy. The
vegetative cells convert the solar energy into chemical energy (fixed carbon), while
the nitrate is produced by heterocysts. Vegetative cells divide into vegetative and
heterocyst cells in different proportions. The cheaters, when present in the system,
produce and consume resources at the same rate as the non cheater vegetatives,
but they produce less heterocysts —or do not produce them at all. In this model,
the resources are shared by all cells living in the environment.
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Figure 3.2: Schematic representation of interactions between the variables of the
models.
We describe the single-celled model with the following system of ODEs:
dN
dt
= 2aH
C
C + k
− p3N − r(V + V ′)Z − q N
N + k
(V +H + V ′)
dV
dt
= −p3V + pv V Z
dH
dt
= −p3H + ph V Z + ph′ V ′ Z
dV ′
dt
= −p3 V ′ + pv′ V ′ Z
dC
dt
= ceZL − p3C − r(V + V ′)Z − q C
C + k
(V +H + V ′)− aH C
C + k
(3.1)
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where
Z = Z(N,C) =
r0
1
k0
+ 1
kC C
+ 1
kN N
+ 1
kNC N C
,
ZL = ZL(I,G) =
r0
1
k0
+ 1
kI I
+ 1
kGG
+ 1
kIG I G
.
I = irradiance (constant),
G = V + V ′ (photosynthetic units) ,
pv + ph = 1, pv′ + ph′ = 1
(3.2)
In (3.1), N is the nitrate concentration, V , H and V ′ are the concentrations of
resident vegetative, heterocyst and cheaters cells respectively (cells/unit volume)
and C the concentration of chemical energy (sugar in the form of glucose).
The equations have been built on and can be explained by the following as-
sumptions:
(i) Reproduction and housekeeping. The parameter pv indicates the proportion
of vegetative cells originated at any reproduction event. Cheater cells behave
similar to vegetative cells, except for their pv value, designated as pv′ . Heterocysts
are produced in proportion ph by vegetatives and in proportion ph′ by cheaters.
Vegetative cells use chemical energy to support dividing (−rV Z) and living costs
(−qV C
C+k
). Heterocyst cells use chemical energy for nitrogen fixation (−aH C
C+k
)
and living costs (−qH C
C+k
). We assume the same death rate p3 for all cells. The
reproduction of vegetatives is regulated by Z = Z(N,C), a Michaelis-Menten type
saturation function for two substrates (here nitrogen and sugar).
(ii) Energetics of nitrogen fixation. Heterocysts are responsible for nitrogen fix-
ation, which requires about 19 molecules of ATP. Taking into account that a
molecule of glucose gives roughly 38 ATP molecules [104], we have
38 ATP/glucose
19 ATP/fixed N
' 2 · fixed N/glucose .
This relation is the basis for an assumed ratio of 2 molecules of nitrogen produced
for every glucose consumed. Nitrogen fixation is only possible whenever carbon
(sugar) is available and it is limited by a saturation function dependent on sugar.
It is assumed that free nitrogen is not a limiting factor. Decrease in nitrate is due
42
3.2. METHODS
0 0.5 1 1.5 2 2.5 3
x 10 4
0
2
4
6
8
10
12
14
t
 
 
V
H
V ’
p
o
p
u
la
ti
o
n
 d
e
n
si
ty
a Pure cheaters in the single-celled
model
0 0.5 1 1.5 2 2.5 3
x 10 4
−5
0
5
10
15
20
25
t
 
 
V 
H
V ‘
H ‘
p
o
p
u
la
ti
o
n
 d
e
n
si
ty
b Pure cheaters in the compartmental
model
Figure 3.3: Effect of pure cheaters on the resident population. V = vegetatives, H =
heterocysts, V ′ = cheaters, H ′ = heterocysts in the compartment with cheaters. In
(a), all the cell types reach zero, while in (b), cells of the non mutant compartment
can grow and reach a positive steady state.
to natural decay (−p3N), to housekeeping or living cost (−q NN+k (V +H)) and to
reproduction of vegetative cells (−rV Z).
(iii) Light harvesting. The solar irradiance, I, is treated as a static parameter, as
is common practice in basic models of photosynthesis [71, 163]. The irradiance is
absorbed and transformed into chemical energy (six-carbon-sugar) by vegetative
and cheater cells. The total production of sugar depends on I and on the total
concentration of photosynthetic units G (PSU). We use the function ZL = ZL(I,G)
to describe the connection between light harvesting and sugar production. In ZL,
the solar irradiance I is absorbed by the photosynthetic units G = (V +V ′) present
in both the normal and cheater vegetative cells, hence I and G are considered
as substrates for ZL. This type of saturation function ensures that whenever a
substrate is limiting the considered cellular activity, the potential increase of the
other substrate does not enhance the activity. The solar energy is converted into
carbon at a rate ce. We assume that CO2 concentrations are not a limiting factor.
Carbon is subject to a natural decay (−p3C).
(iv) Carbon to Nitrogen consumption ratios. During exponential growth, the av-
erage ratio of carbon to nitrate is roughly C:N'6:1 [209] in a bacterial cell. The
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uptake of carbon should hence be 6 times higher that that of nitrate. However, con-
sidering that a molecule of glucose contains six carbon atoms, we have C:N'1:1.
The parameter r and q represent the rate of uptake of N and C for reproduc-
tion and housekeeping respectively. Based on a 1:1 expectation for C:N content,
the coefficients for C:N consumption for both reproduction and housekeeping are
assumed to be one.
3.2.1.2 The compartmental model of multicellularity
In the compartmental model (Figure 3.2b), only the solar energy is shared, while
different compartments produce and consume their own sugar and nitrate units.
The cheater is now an aggregate in which the proportion of vegetative cells pro-
duced at each division is higher than in the other. The compartmental model is
a simplified representation of multicellularity, in which each compartment repre-
sents a distinct multicellular individual. Both compartments compete for the same
solar energy source, but each has its own cells, nitrate and chemical energy. The
following ODE set describes the dynamics of the compartmental model:
dN
dt
= 2aH
C
C + k
− p3N − rV Z − q N
N + k
(V +H)
dV
dt
= −p3V + pv V Z
dH
dt
= −p3H + ph V Z
dC
dt
=
V
V + V ′
ceZL − p3C − rV Z − aH C
C + k
− q C
C + k
(V +H)
dN ′
dt
= 2aH ′
C ′
C ′ + k
− p3N ′ − rV ′Z ′ − q N
′
N ′ + k
(V ′ +H ′)
dV ′
dt
= −p3V ′ + pv′ V ′ Z ′
dH ′
dt
= −p3H ′ + ph′ V ′ Z ′
dC ′
dt
=
V ′
V + V ′
ceZL − p3C ′ − rV ′Z ′ − aH ′ C
′
C ′ + k
− q C
′
C ′ + k
(V ′ +H ′)
(3.3)
where
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Z = Z(N,C) =
r0
1
k0
+ 1
kC C
+ 1
kN N
+ 1
kNC N C
,
Z ′ = Z ′(N,C) =
r0
1
k0
+ 1
kC C′
+ 1
kN N ′
+ 1
kNC N ′ C′
,
ZL = ZL(I,G) =
r0
1
k0
+ 1
kI I
+ 1
kGG
+ 1
kIG I G
.
I = irradiance (constant),
G = V + V ′ (photosynthetic units) ,
pv + ph = 1, pv′ + ph′ = 1
(3.4)
Variables N, V,H,C respectively represent nitrate, vegetatives, heterocysts and
chemical energy concentrations of the first filament respectively, whileN ′, V ′, H ′, C ′
represent the corresponding variables for the second compartment. The functions
Z and Z ′ have the same meaning as in the single-celled model, except that in
this case, they are functions of the respective nitrate and chemical energy of the
two compartments. Competition for light between compartments is expressed in
the function ZL, by the variable G = V + V
′. Light harvesting is due to both
compartments, but the terms V
V+V ′ and
V ′
V+V ′ indicate that the income of sugar
into the different aggregates is mediated by the concentration of photosynthetic
units belonging to the corresponding compartments, hence allowing competition
for light. The same assumptions (i)-(v) for system (3.1) listed in section 3.2.1.1
hold also for system (3.3).
3.2.2 Numerical analysis of the models
Due to the high nonlinearity of the equations, we do not derive the analytical
expression of the steady states of the system nor do we analytically carry out
stability analysis. However, numerical simulations indicate that both systems
can evolve towards three different kinds of steady state: one corresponding to
the extinction of resident and cheater populations (Y1), one in which only the
resident population survives (Y2), and one in which the cheaters overcome the
resident population (Y3). Parameters listed in Table 4.1 have been used in the
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Parameter description Symbol Value Unit
Uptake of N and C for reproduction r 5 mol · cells−1
Uptake of N and C for housekeeping q 0.8 mol · cells−1 · s−1
Uptake of C for N-fixation a 1 mol · cells−1 · s−1
Decay rate p3 0.001 s
−1
Irradiance I 1000 µE · cm−2 · s−1
Rate of energy conversion ce 0.8 mol · cm−3
Total stoichiometric concentration r0 0.1
First order rate constant k0 10 s
−1
Nitrate specificity constant kN 10 mol
−1 · cm3 · s−1
Carbon specificity constant kC 10 mol
−1 · cm3 · s−1
N-C product specificity constant kNC 1 (mol
−1 · cm3)2 · s−1
Irradiance specificity constant kI 10 µE
−1 · cm2
PSU specificity constant kG, kV 10 cells
−1 · cm3 · s−1
Irradiance-PSU product specificity constant kIG, kIV 1 cells
−1 · µE−1 · cm5
Transformed Hill sine/cosine functions γ 30
Table 3.1: Parameters values used in the simulations. Abbreviations: E, Einstein;
PSU, photosynthetic units.
simulations as default parameters. Structural stability of the models has been
tested by random sampling of parameters and initial conditions in R21 and in R22
for the single-celled and compartmental model respectively (results in Appendix
B). Numerical integration has been performed using a variable order solver based
on linear implicit multistep methods, implemented in function ode15s of Matlab
(http://www.mathworks.com/).
3.2.3 Evolutionary stability against cheaters
Using the models in section 3.2.1, we simulate competitions between a resident
population and either pure or partial cheaters. Mutation is introduced in the sys-
tems in the following ways. In the case of pure cheaters, the latter are considered
as the mutant. In the single-celled model, mutants are present in the mixed popu-
lation from the beginning in a given proportion. In the compartmental model, they
are introduced in only one of the compartments, while the other one is preserved.
In the case of partial cheaters, in both models and for each mutational event, the
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strain with a pv different from the resident strain is considered as the mutant.
3.2.3.1 Evolutionary optimization of vegetative/heterocyst ratio
We consider competitions between strains that differ in their pv value, with 0 <
pv < 1. We simulate consecutive competitions between a resident strain (wild
type) and a newly arrived mutant. Each step of the simulation is a mutational
event, in which after the competition, the winner strain establishes its pv value as
the wild type for the next generation (see Appendix B for details of the algorithm).
3.2.4 Division of labor in time and space: periodic vs.
differentiated cyanobacteria
We model a population of undifferentiated cyanobacteria subject to day/night
irradiance cycle by the following ODE system:
dN
dt
= 2aδn
C
C + k
V − p3N − rV Z − q N
N + k
V
dV
dt
= −p3V + V Z
dC
dt
= ceZL − p3C − rV Z − (aδn + q) C
C + k
V
(3.5)
where
Z = Z(N,C) =
r0
1
k0
+ 1
kC C
+ 1
kN N
+ 1
kNC N C
,
ZL = ZL(I, V ) =
r0
1
k0
+ 1
kI I
+ 1
kV V
+ 1
kIV I V
.
(3.6)
I(t) = A
(ρ(t) + 1)γ
(mγ + (ρ(t) + 1)γ)
(3.7)
ρ(t) = sin(
pit
12
) (3.8)
δn = 1− (ρ(t) + 1)
γ
(mγ + (ρ(t) + 1)γ)
(3.9)
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In (3.5), N,C, and V are fixed nitrogen, carbon and cell concentrations respec-
tively. The irradiance I and the nitrogen fixation function δn are Hill transformed
sine curves that represent the daylight dependent periodicity [117]. The default pa-
rameter values are as in Table 4.1. In this model, we assume that cells do not have
a true internal circadian rhythm, but they tune their tasks according to the exter-
nal day/night alternation. During daylight, the periodic organisms only perform
photosynthesis (I ' 1, δn ' 0) because of O2 inhibition. At night, when the ab-
sence of light impede photosynthesis, nitrogen fixation is allowed (I ' 0, δn ' 1).
We compare the performance of undifferentiated periodic species in (3.5) with
the multicellular differentiated species, when the irradiance is described with a
Hill transformed sine curve as in (3.7). To model a population of differentiated
cyanobacteria subject to a day/night irradiance cycle, we modify system (3.1) by
removing cheaters (V ′) and using (3.7) for irradiance:
dN
dt
= 2a
C
C + k
H − p3N − rV Z − q N
N + k
(V +H)
dV
dt
= −p3V + pvV Z
dH
dt
= −p3H + phV Z
dC
dt
= ceZL − p3C − rV Z − aH C
C + k
− q C
C + k
(V +H)
(3.10)
where Z,ZL and I are as in (3.6) and (3.7). As nitrogen fixation is always per-
formed by heterocysts, the function δn is not needed. We compare the performance
of the two models with different day and night durations, by changing the value
of m in I and δn. Large and small values of m correspond to long and short dark
periods respectively. We map the values of m into a percentage of daylight (details
in Appendix B). As the mapping is based on an approximation of the duration of
the day, it is not suited to treat neither complete darkness nor absence of darkness.
For these cases, we directly set I = 0, I = 1 respectively.
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Figure 3.4: Steady state density of vegetative cells after competitions between strains
differing in their pv value (plots show representative 15,000 competitions from
115,000). The blue and red dots correspond to strains competing with differen-
tiation rates of pv (blue) and pv′ (red) respectively. (a) In the single-celled model,
the strain with the higher pv wins. Hence, when pv > pv′ , the strains with pv (blue
dots) are shown at a higher steady state. When pv′ > pv, the red dots are shown at
a higher steady state. (b) In the compartmental model, the strain with the higher
carrying capacity wins. The ratio of pv to pv′ is no longer the factor that determines
which strain wins.
3.2.5 Phylogenetic Analysis of Cyanobacteria
For this study, 16S rRNA gene sequences of 37 cyanobacteria and an outgroup
were obtained from GenBank (Table B.1). The ingroup is represented by 9 single
celled bacteria from clade I, 4 single celled bacteria from clade II, 14 multicellular
bacteria from clade III, 7 multicellular heterocyst forming bacteria from clade IV
and 4 branching bacteria from clade V. Our labeling into clades I-V is based on
Rippka et al. [152]. Agrobacterium tumefaciens was used for outgroup comparison
as suggested in previous studies [78, 137]. Details of the analysis are provided in
Appendix B.
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Figure 3.5: Optimization of vegetative to heterocyst cell ratios. Plots (a) and (b)
illustrate the winning factor in competitions between strains with different pv. The
parabola-shaped curve represents the carrying capacity as function of pv. For each
case, the carrying capacity of two pairs of strains simulated in isolation are shown as
examples (green and blue squares). Next to each strain, we indicate the outcome of
the competition within the pair (winner or loser). (a) In the single-celled model, the
strain with the higher pv wins. (b) In the compartmental model, the one reaching
the higher carrying capacity wins. Plots (c) and (d) show the outcome of repeated
mutational events, at which a competition between resident and mutant strain take
place. (c) In the single-celled model, the optimal pv (red line) is surpassed and
pv → 1. (d) In the compartmental model, pv tends to the optimal value.
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Figure 3.6: (a). The irradiance function I(t) as in equation (3.7), when the duration
of day and night are equal. (b). Case study showing the comparison of the steady
states of species following the day/night periodicity vs. differentiated species for dif-
ferent external irradiance cycles. Undifferentiated species that follow the day/night
alternation reach a higher steady state in environments where the daylight is less or
equal than the dark period. The point after which the differentiated species perform
better is indicated by the crossover point. (c) Distribution of the crossover points
based on 6000 trials. Parameters a, q, r, A were sampled randomly. In 75 % of the
cases, the crossover point locates around 0.5.
3.3 Results
3.3.1 Effect of pure cheaters on evolutionary stability
In the single-celled model, introduction of pure cheaters leads to the extinction of
the population (Figure 3.3a). Cheaters grow faster and subtract resources from
the resident population, which eventually starts decaying after reaching an initial
peak. Once the normal vegetative cells are extinct, no entity in the system is able
to produce nitrate and the cheaters also die. The collapse of the system in the
single-celled model is primarily caused by the fact that the resources are shared
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between organisms.
In the compartmental model, a pure cheater cell gives rise to an aggregate of
cells that can not sustain itself. The compartmentalization afforded by separate
multicellular aggregates (i.e. “multicellular” individuals) allows genetically related
cells to protect their resources from a cheater invasion in another aggregate. Hence
a cheater can destroy the multicellular aggregate that it arises in, but it cannot
destroy the whole population (Figure 3.3b). The basic dynamics of the models
without cheaters are provided in Appendix B.
3.3.2 Effect of partial cheaters on evolutionary stability
Partial cheating refers to the situation in which a mutant vegetative cell produces
heterocysts in a smaller proportion than the resident vegetative cells. We investi-
gated the criterion that leads to the success of one genotype over the other, when
two competing populations differ in their pv value. We tested the outcomes of
competitions in both models using Montecarlo simulations, where pairs of pv and
pv′ values were sampled randomly in the interval [0, 1]. Vegetative cells belonging
to strains with pv and pv′ are indicated by V and V
′ respectively. Vegetative steady
states after competitions are shown in Figure 3.4. Figure 3.4a shows the results
for the single-celled model. In this case we find that at a steady state, V > V ′
when pv > pv′ and similarly, V
′ > V when pv′ > pv. Hence we conclude that in
the single-celled model, the winning factor in the competitions is the value of pv.
The strain with the higher pv outcompete the other. This result holds when ran-
domly sampling through alternative parameter values and initial conditions (see
Appendix B).
When tested for the compartmental model, the latter winning criterion does not
hold. Figure 3.4b shows that having a higher pv does not play a role anymore. In
the multicellular organization, the winning indicator is the vegetative steady state
value that would be reached with the corresponding pv or pv′ value in isolation.
This winning indicator is in essence the carrying capacity of each strain when
grown separate from the other. Given any two competing strains, we found that
the winning strain almost always had the higher carrying capacity when grown in
isolation. This in turn depends on the corresponding proportion of vegetative and
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heterocyst cells produced during reproduction. Given equal initial conditions for
both compartments, the carrying capacity holds true as the winning factor in 97%
- 98% of cases when the full parameter space R22 is sampled randomly (details in
Appendix B). The 2%-3% exceptions correspond to cases in which (i) a numerical
error occurs; (ii) pv ' pv′ , hence the time required for the populations to stabilize
is longer than the simulation time; (iii) The pv value of the loser is too close to 0,
hence the corresponding population can not grow.
3.3.2.1 The optimal rate of differentiation (pv)
The vegetative cell steady state is dependent on the pv value. We found that the
carrying capacity for the number of vegetative cells is a parabola-shaped function
of pv (Figures 3.5a-b). Hence, a population too rich in vegetative cells would be
disadvantaged in comparison to a population with pv closer to the maximum of the
curve. Identical optimality conditions hold in both models. Interestingly, the fact
that the optimal pv values are usually above 0.5 agrees with other theoretical work
[218] indicating that the optimal fraction of germline cells in simple multicellular
organisms will be higher than that of somatic cells. It also agrees with the high
proportion of vegetatives seen in cyanobacteria. Figures 3.5a-b illustrate further
what we see in Figures 3.4a-b. Consider the outcome of competitions between
a pair of strains with different pv values. In the single-celled model, the strain
with the higher pv wins, hence the optimal pv can be surpassed (Figure 3.5a). In
the compartmental model, the population with the potential of a higher carrying
capacity outcompetes the other, getting closer to the optimal pv (Figure 3.5b).
These results led us to consider the case of repeated competitions, as analyzed in
the following section.
3.3.2.2 Evolutionary Optimization of pv
Stochastic simulations of successive mutational events test the ability of the two
strategies to evolve towards the optimal pv value. Figure 3.5c shows the outcome
in the single-celled model. The population always evolves to a full cheater sit-
uation, where pv = 1. Hence in this case optimization is not possible. After
each mutational event the population with the higher pv value will go to fixation,
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hence increasing pv towards 1. Figure 3.5d shows the results of the compartmen-
tal model. In this case, mutant competitions automatically lead to optimization
towards the pv value that corresponds to the maximum steady state value of vegeta-
tives. Hence, compartmentalization allows populations to evolve towards optimal
ratios of vegetative to heterocyst cells.
3.3.3 Duration of daylight and separation of tasks in time and
space
We numerically solve systems (3.5) and (3.10) separately. Figure 3.6b shows the
steady states of the populations going from permanent darkness to permanent
light. In the extreme case of permanent darkness, both species die because of the
lack of photosynthesis. In regimes where the percentage of daylight is scarce, the
species following the external day/light periodicity reaches a higher carrying capac-
ity than the multicellular differentiated species. The opposite happens when the
duration of daylight is much longer than night. In the latter case, as the daylight
period is extended, the production of nitrogen decreases in the undifferentiated
bacteria until it equals or is less than its consumption. In this situation the steady
state population decays to 0. Hence long daylight conveys an advantage to division
of tasks in space by means of differentiation. Figure 3.6b shows a crossover point
between the steady states, after which periodic species perform worse than the het-
erocystous. In order to check the occurrence and the location of a crossover point
for a more general parameter space, we repeated 6000 times the scan of external
daylight percentage for the two models. Each time we sampled randomly the val-
ues of parameters a, q, r, A. We recorded the position of the crossover point and
we plotted the corresponding distribution through the histogram showed in Figure
3.6c. We can conclude that in the 98,8% of the cases, there was always a crossover
point after which the undifferentiated species reach a lower carrying capacity than
the differentiated species. In the majority of the cases (75% of the cases), the
crossover point is at 0.5, corresponding to a situation where the duration of night
equals that of the day. These results indicate that environments where the dark
period is significantly longer than the daylight period can be disadvantageous to
terminally differentiated species.
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3.3.4 Phylogenetic Relationships among Cyanobacteria
Phylogenetic relationships from 16S rDNA sequence of 37 strains of cyanobacte-
ria are shown in Figure 3.7. Cyanobacterial species were grouped into classes I
to V as described by Rippka et al. 1979. Therefore only the Bayesian tree is
shown. Though the topology is based on Bayesian analysis, character states are
colored according to parsimony criteria (such that the least changes occur along
the branches). Our analyses confirm the polyphyly of single celled clade I and the
multicellular clade III as reported earlier [62, 177]. The multicellular, terminally
differentiated clades IV and V, together form a monophyletic group supported
by posterior probability (100%) and bootstrap (86%). The latter monophyly has
been reported by other studies [205, 59, 202]. Species from the polyphyletic clade
III, belonging to the genera Lynbya, Arthrospira, Oscillatoria and Trichodesmium,
form the sister group of the monophyletic clade IV and V (blue box in figure 3.7).
The phylogeny supports the conclusions of the simulations, according to which
undifferentiated multicellularity evolved first, and hence made terminal differenti-
ation possible.
3.4 Discussion
At first glance, multicellularity can appear as an obvious prerequisite for cellu-
lar differentiation. However, from a logical perspective, alternative developmental
strategies are in principle possible. It has been recently emphasized [108] that it is
important to strengthen the connection between theoretical models on the evolu-
tion of cooperation and explicit empirical cases. The framework we present here is
formulated with this goal in mind, whereby we take a mechanistic representation of
known biochemical interactions in an important group of organisms (the cyanobac-
teria), and show how the latter interactions fit into theoretical frameworks that
attempt to explain multicellularity and the division of labor.
As discussed in section 3.1.3, practically all solutions for avoiding the tragedy
of the commons involve somehow separating the population into competing sub-
sets. The results in sections 3.3.1 and 3.3.2 are no exception to the latter rule.
Compartmentalization allows for the protection of vital resources from potential
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Figure 3.7: Phylogenetic Tree of Cyanobacteria. Bayesian-Tree of 16S rDNA se-
quences, based on GTR+I+G substitution model, with Agrobacterium tumefaciens
as an outgroup. Shown at the nodes are only posterior probabilities (>50%) or both
posterior probabilities/bootstrap (>50%). Posterior probabilities were calculated
from 12,001 trees. Bootstrap values are obtained from 400 pseudo-replicates with
maximum likelihood.
disruptive mutations, whose effect can be limited to the compartment they arise in.
Furthermore, multicellularity guarantees that cells in a compartment are clones.
One could in fact make the argument that the evolution of multicellularity —and
thereby compartmentalization— is a mechanistic means by which kin selection be-
comes “hard-wired” for a population of cooperating cyanobacterial cells. The cell
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interactions in the cyanobacterial system also have some structural similarities to
a two component hypercycle with a single self-replicating catalyst, the main differ-
ence being the lack of hypergeometric growth in the bacterial case. It is noteworthy
that conclusions previously derived from the study of hypercycles [42, 119, 198]
can also apply to cell interactions and the evolution of multicellularity, indicating
the potential generality of the former theory.
The cyanobacterial cell system has also some commonalities with cooperation
games. The tragedy of the commons can for example be characterized by games like
the Prisoner’s Dilemma, where the optimal strategy corresponds to cooperation of
both players. However, the cell interactions that we consider do not directly map
to a simple n-player game with a payoff matrix. Nonetheless, one may say that
populations that converge on the optimal pv, are in a state where all individuals
are cooperating.
As seen in section 3.3.2, the vegetative/heterocyst ratio has an effect on the
carrying capacity of the population. Hence the tuning of the proportion of vege-
tatives upon division (pv) can lead to the maximization of the carrying capacity.
The autonomous optimization of the carrying capacity after repeated mutational
events is found to be very different in the two models, as shown in section 3.3.2.2.
The single-celled strategy causes the fixation of the variant producing the most
vegetative cells, thus converging to the value corresponding to the pure cheater
case. Hence, higher fertility in the short term leads to decrease of carrying ca-
pacity and eventual extinction of the population in the long term. This explains
why this evolutionary step is not observed in nature (see Figure 3.8). On the
other hand, the multicellular strategy allows for optimization towards the most
profitable proportion of vegetative and heterocyst cells and for the selection and
fixation of mutants that correspond to the maximal carrying capacity achievable
by the population. Interestingly, this observation agrees with the almost constant
vegetative/heterocysts ratio seen in many species of filamentous cyanobacteria [4].
The results from sections 3.3.1 and 3.3.2 exclude the possibility of a transition
from the undifferentiated unicellular stage to a differentiated single-celled one.
Therefore, to achieve division of labor in cyanobacteria, two other paths are in
principle possible: from undifferentiated unicellularity directly to differentiated
multicellularity, or via the intermediate step of undifferentiated multicellularity
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Figure 3.8: The evolutionary paths leading to division of labor in cyanobacteria. A
direct transition from A to C is in principle possible. Simulations exclude node B’.
The phylogenetic tree supports the path B → C.
(Figure 3.8). The outcome of the phylogenetic analyses in section 3.3.4 supports
the second alternative, providing empirical evidence that the route to division of
labor has included undifferentiated multicellularity. The combination of theoretical
and phylogenetic results presented here lead to the conclusion that for the class
of interactions occurring in cyanobacteria, multicellularity is a necessary condition
for the evolution of terminal differentiation and the optimization of division of
labor.
To further understand the ecological factors affecting the evolution of differenti-
ation, we compared the advantages of a spatial separation of tasks over a temporal
separation. The geographic distribution of cyanobacteria varies from mild to ex-
treme environments [136]. It is known that environmental factors such as temper-
ature can favor different forms of differentiation in cyanobacteria [188]. However
there is at present no clear understanding of the distribution pattern of differen-
tiated vs. undifferentiated cyanobacteria. According to results from our model of
bacteria following the day/night periodicity in section 3.3.3, division of labor by
means of terminal differentiation is advantageous when the proportion of day is
higher than that of night. In the latter case, the undifferentiated cyanobacteria
fix nitrogen only in the short dark period. Meanwhile heterocystous cyanobacteria
fix nitrogen also during the long day period. Conversely, in cases with scarce day-
light, undifferentiated species have an advantage because during the short daylight
period all available cells are devoted to light harvesting.
The undifferentiated species that we model simply follow the day/night alter-
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nation imposed by the external conditions, without the possibility of development
of an internal cycle. The evolution of a self regulated cycle that is independent
of external light periodicity can potentially enhance the fitness of such bacteria,
because the cycle can then be optimized according to the resource requirements.
Hence if the circadian rhythm is optimized, there is the possibility that the undif-
ferentiated circadian species can be also competitive in regions with long daylight
periods. A true circadian rhythm has been observed in unicellular cyanobacteria
such as Synechococcus [124]. Further investigation of the benefits provided by an
internal cycle could give an explanation for the maintenance of circadian rhythms
in cyanobacteria. On the other hand, the development and regulation of such
complex mechanisms is costly for the organism, and one may argue that a high
cost of switching could support selection for differentiated species.
Our results on the response to daylight periodicities provide the general con-
clusion that in an environment with a short light period, selection acts against
heterocystous cyanobacteria. In regimes of prevailing darkness, the absence of
differentiation and the evolution of a circadian rhythm —or at least the simple
adjustment according to the external periodicity— is advantageous. Hence adap-
tation to long daylight periods can be indicated as a possible reason for the evo-
lution of terminal differentiation in cyanobacteria. The latter is a hypothesis that
can be subject to empirical testing. Laboratory experiments can determine the
outcome of competitions between undifferentiated and differentiated species under
different day/night regimes. In addition, in order to determine seasonal differences
between differentiated and undifferentiated species, ecological observations involv-
ing sample collection and quantitative measurements of species abundances could
be systematically done in different seasons and at different latitudes.
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4.1 Introduction
Cyanobacteria are among the most ancient phyla of photoautotrophic bacteria.
They make use of solar light for oxygenic photosynthesis, and many species (di-
azotrophs) are able to fix nitrogen. A large part of global nitrogen fixation is
due to diazotrophic cyanobacteria [27, 35, 125] and cyanobacteria are important
oxygen producers [21]. Interestingly, oxygen produced by photosynthesis inhibits
the nitrogenase enzyme required for nitrogen fixation. Cyanobacteria evolved two
main strategies to overcome this chemical incompatibility. Terminally differenti-
ated cyanobacteria employ a separation in space, whereby nitrogen fixation is con-
fined to somatic cells (heterocysts) endowed with a thick cell wall. Alternatively,
undifferentiated cyanobacteria use a circadian rhythm, whereby photosynthesis
takes place during the day, and nitrogen fixation during the night. Nitrogen and
carbon are dynamically stored in specialized granules [99], or as glycogen, respec-
tively. These cellular structures are subject to adaptation to external conditions
[144, 170] and can represent an advantage over algal species [99, 79].
The versatility of Cyanobacteria allow them to be ubiquitous on our planet,
although the availability of solar light varies dramatically according to latitude
and season. They have been detected in Svalbard [88], Greenland hot springs
[155], Baltic Sea [46, 191], North Pacific Ocean [223, 35], Bird Shoal and Bahamas
[136], Gulf of Guinea [146], Antarctica [37] and Siberian permafrost [208]. Despite
this extensive literature, a clear pattern of cyanobacterial species distribution has
not been elucidated nor attempted. Some mathematical models involve a large
number of parameters [53, 125], or consider single case studies or distinct habi-
tats. Examples are competition for light and nitrogen between nitrogen fixing
and non-nitrogen fixing species [5], comparison of circadian species with different
free-running periods [162] or population dynamics and nitrogen fixation rates in
the Baltic Sea [190, 46, 112, 188].
In evolutionary history, terminally differentiated cyanobacteria represent an im-
portant example of a primitive form of division of labor between germline and so-
matic cells. This kind of cellular differentiation has been first observed and widely
studied in the eukaryotic order of Volvocales [212], where it could evolve along sev-
eral evolutionary paths [94] as a consequence of a trade-off between reproduction
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and survival [123]. More recent modeling approaches, applicable to eukaryotes
and prokaryotes, investigated the most advantageous proportion of somatic cells
in multicellular organisms [218] and the possibility of rapid evolution of division
of labor as a consequence of developmental plasticity [60].
This study aims to elucidate the advantages of spatial and temporal division of
labor with regard to biomass production and reproductive success in cyanobacteria.
Our model is devoted to investigate the role of geographic location and resource
management in cells, and the performance of undifferentiated and differentiated
cyanobacteria. Moreover, we compare them with the hypothetical scenario of
bacterial organisms that are free from such constraints. The models in this work
extend the one developed in [161], by introducing a more detailed representation
of light availability and of circadian rhythm.
4.2 Materials and Methods
4.2.1 The mathematical model
We developed a model of cyanobacterial populations that survive through the pro-
duction and exchange of fixed carbon and nitrogen. We model two cyanobacterial
species types and an idealized species used as a hypothetical case, as shown in
Figure 4.1. The cyanobacterial species types correspond to undifferentiated (cir-
cadian) and terminally differentiated (heterocystous) species. In the former, car-
bon and nitrogen fixation alternate according to a circadian rhythm. In the latter,
they are spatially separated. The species of the idealized model has no biochemical
constraints, whereby nitrogen and carbon fixation can be performed in each cell
whenever substrates are available. The performance of each species is measured in
terms of biomass production and population size. The dependence on geographical
location is expressed through the latitude and is included in a function for solar
irradiance based on real data of irradiance on Earth’s surface. The resource in-
vestment of the cell in reproduction and nitrogen fixation occurs at variable rates,
represented by parameters r and a respectively. All models consist of a set of ordi-
nary differential equations that were run for a number of iterations corresponding
to 40 years. Each species was evaluated at 5 latitudes ranging from 0 to 60 N, for
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Figure 4.1: Schematic view of the model species. (a) Undifferentiated cyanobacteria
(both single-celled and filamentous species) fix carbon and nitrogen according to
a circadian rhythm. All cells perform photosynthesis during day and fix nitrogen
during night, hence the two processes alternate on a day/night rhythm. (b) In ter-
minally differentiated cyanobacteria, vegetative cells perform photosynthesis during
daytime, when light is available. Heterocyst cells provide an anoxic environment
where nitrogen fixation can take place at any time, hence limited only by the avail-
ability of resources. (c) In the idealized species, nitrogen and carbon fixation can
be performed without temporal inhibitory restrictions and are limited only by the
availability of substrates. Oscillation amplitude and position of the red and grey
lines for carbon and nitrogen fixation are arbitrary and for illustration purposes
only.
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13 values of parameter r ranging from 10−5 to 10 fmol·cells−1 ·h−1 and for 5 values
of parameter a ranging from 0.05 to 5 fmol · cells−1 · h−1. Assuming a symme-
try of environmental conditions between northern and southern hemispheres, the
model takes into account only northern latitudes. In the following, we present the
systems of equations representing each species type. Concentrations of vegetative
and heterocystous cells are indicated with V and H respectively. Concentrations
of nitrogen and carbon are represented by N and C respectively. Default values
and units of model parameters are listed in Table 4.1.
4.2.2 Circadian species.
This model represents undifferentiated cyanobacteria with a circadian program. It
does not distinguish between single-celled and filamentous species, as it considers
both as a set of circadian-regulated cells producing and sharing carbon and nitro-
gen. Nitrogen fixation and photosynthesis are regulated by an internal clock that
follows daily light availability. The endogenous rhythm of the cellular activities is
expressed by the functions δc and δn: these functions are multiplied by the car-
bon and nitrogen fixation terms and inhibit these processes during night and day,
respectively. The system of equations is given by
dN
dt
= 2aδn
C
C + k
V − rV Z
dV
dt
= −p3V + rdV Z
dC
dt
= rpδcZL − rV Z − aδn C
C + k
V
(4.1)
where
Z = Z(N,C) =
r0N C
k0 +
1
kC C
+ 1
kN N
+ 1
kNC N C
,
ZL = ZL(I, V ) =
r0
k0 +
1
kI I
+ 1
kV V
+ 1
kIV I V
.
(4.2)
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4.2.3 Heterocystous species.
In this model we consider terminally differentiated species. These possess hete-
rocystous cells, where nitrogenase is protected from oxygen. Hence the nitrogen
production term does not have any inhibition coefficient δn, however only hetero-
cysts can fix nitrogen. Carbon fixation follows the external light/dark alternation.
Vegetative cells differentiate into heterocysts with a rate ph = 1− pv. The default
value pv = 0.85 was chosen as an approximation of the values observed in nature.
The set of equations is given by
dN
dt
= 2a
C
C + k
H − rV Z
dV
dt
= −p3V + rdpvV Z
dH
dt
= −p3H + rdphV Z
dC
dt
= rpZL − rV Z − aH C
C + k
(4.3)
where Z and ZL are as in (4.2).
4.2.4 Idealized unconstrained species.
This hypothetical species type represents an ideal cyanobacterial species in which
biochemical constraints due to the inhibition of oxygen on nitrogenase are absent.
This implies that nitrogen and carbon fixation can take place in each cell and
at any time, as soon as the necessary resources are available. No such species is
known. The system of equations describing this model is similar to that of the
circadian species, however nitrogen and carbon fixation are not regulated by the
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δn and δc functions anymore:
dN
dt
= 2a
C
C + k
V − rV Z
dV
dt
= −p3V + rdV Z
dC
dt
= rpZL − rV Z − a C
C + k
V
(4.4)
where Z and ZL are as in (4.2).
4.2.5 Model explanation.
In systems (4.1), (4.3) and (4.4), the parameter r is the rate at which nitrogen
and carbon are invested per cell division. Carbon is consumed at rate a to be
invested in nitrogen fixation. Nitrogen is fixed at a rate 2a. The reproduction
term is represented by the function Z, whose substrates are carbon and nitrogen.
Carbon fixation is expressed by the function ZL that depends on the irradiance
I and on the vegetative cells (considered as photosynthetic units). Since solar
light only depends on time, but is not an explicit variable of the system, the use
of photosynthetic units as limiting factor prevents the exponential growth of the
population. The reader can refer to [161] for a more detailed description of the
equation structure.
Solar light is represented by I, an antilogistic function [117] given by
I(t) = A
eβ(γ−α)
1 + eβ(γ−α)
. (4.5)
where
γ = cos((t− φ) pi
12
) , α = −
−β ρ+ log(− xs
(−1+xs))
β
,
ρ = cos((s− φ) pi
12
) β = 70 , φ = 12 , xs = 0.00001 ,
A = max irradiance , t = time , s = sunrise time .
(4.6)
The value of maximum irradiance A depends on the month and on the latitude
and it based on real data (courtesy of the Swiss Federal Research Institute WSL,
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Parameter description Symbol Value Unit
Resource investment in reproduction r 10−5 to 10 fmol · cell−1 · h−1
Resource investment in N-fixation a 0.05 to 5 fmol · cell−1 · h−1
Decay rate p3 0.001 h
−1
Max. Irradiance A 1000 µE ·m−2 · h−1
Half saturation constant k 100 fmol · µm−3
Total stoichiometric concentration r0 1 -
First order rate constant k0 1 -
Nitrate specificity constant kN 10 fmol
−1 · µm3 · h−1
Carbon specificity constant kC 10 fmol
−1 · µm3 · h−1
N-C product specificity constant kNC 1 (fmol
−1 · µm3)2 · h−1
Irradiance specificity constant kI 10 µE
−1 ·m2
PSU specificity constant kG, kV 10 cells
−1 · µm3 · h−1
Irradiance-PSU product specificity constant kIG, kIV 1 cells
−1 · µE−1 · µm5
Transformed Hill sine/cosine functions γ 30 -
Photosynthesis rate rp 6 fmol · µm−3 · h−1
Cell reproduction rate rd 0.03 h
−1
Table 4.1: Parameters values used in the simulations. For parameters r and a ranges
are indicated. Abbreviations: E, Einstein; PSU, photosynthetic units.
Birmensdorf). The sunrise time is determined according to day and latitude (time-
anddate.com/worldclock/sunrise.html). Plots of the irradiance function and de-
tails regarding the approximation of real data with the function I can be found in
Appendix C.
Circadian species are characterized by an endogenous clock that regulates the
timing of carbon and nitrogen fixation. Similar to the irradiance case, we use
antilogistic functions to model carbon and nitrogen fixation rhythm, expressed by
δc and δn respectively:
δc =
eβ(γ−α)
1 + eβ(γ−α)
, δn = 1− δc , (4.7)
where γ, α and ρ are as in (4.6).
68
4.3. RESULTS
4.2.6 Performance measures.
All differential equations were numerically integrated with Matlab. Each species
was simulated separately in order to determine its performance without inter-
species competition. The performance of the populations was measured in two
ways: first as total population size (vegetative cells for circadian and uncon-
strained species, vegetative plus heterocysts for the differentiated species); second,
as biomass accumulation. The proxy for biomass in this case is the total amount
of carbon given by
biomass =
r
rd
· V , (4.8)
where V is the population size expressed as number of cells per unit volume.
In (4.8), the ratio r/rd between the cell investment of carbon for reproduction
and the cell division rate represents the amount of carbon produced per cell. By
multiplying this ratio for the total number of cells, we obtain the total amount of
carbon (measured in fmol/µm3).
4.3 Results
4.3.1 Population dynamics.
The model developed for this work is entirely deterministic, though the analytical
complexity of the equations allows only for a numerical study of their dynamics.
Figure 4.2 shows the daily population size over 40 years for sample single runs. The
system does not reach a steady state, rather it presents a dynamic characterized by
oscillations and peaks similar to that of chaotic systems. This can be explained by
the fact that although the pattern of light availability is repeated identically every
year, the population size at the beginning of each yearly cycle differs from the one
of the previous year. Moreover, the speed at which light availability changes is
higher than the speed at which the cyanobacteria population can equilibrate at
the new external conditions. Hence a steady state cannot be reached.
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Figure 4.2: Sample runs of the three modeled species simulated for 40 years.
4.3.2 Effect of latitude and cell investment on performance.
In Figure 4.3, box plots of biomass and number of cells over a 35 years period are
shown at different values of r and latitude. r can be interpreted as the rate of
nitrogen and carbon investment into population growth per cell division. For each
value of r and latitude, data are plotted for the value of a that provides the highest
mean biomass. a can be interpreted as the rate of carbon investment in nitrogen
fixation. Up to r = 5 · 10−1, the population biomass of all three species generally
increases with increasing r. For r > 5 · 10−1, biomass flattens or even decreases.
This trend is less marked at latitude 60 N. While the biomass of heterocystous and
unconstrained model species ranges between comparable values, that of circadian
species is clearly lower than the others.
The trend of the number of cells is very different from that of biomass. For all
species, the number of cells decreases rapidly with increasing values of r. Circadian
species exhibit always lower values than the other two species types. For the
smallest value of r, heterocystous species reach higher population size than the
unconstrained species.
4.3.3 Performance comparison at optimal cell investment.
For each latitude and species type, there is a pair of a and r values that provide
a maximum average biomass. We refer to these values as optimal (a, r) pairs.
In Figure 4.4a, we compare the biomass distribution of the two species obtained
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Figure 4.3: Box plot of the biomass production (left column) and population size
(right column) computed daily over a simulation of a 35 year period at different
latitudes and values of cell investment r. Biomass is expressed in fmol/µm3. In
each box, the central mark is the median, the horizontal edges of the box are the
25th and 75th percentiles and the whiskers extend to the most extreme data points
not considered outliers (outliers not shown).
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Figure 4.4: (a) Comparison of the box plots corresponding to the (a, r) providing the
highest biomass at each latitude for each species. Parameter r represents the resource
investment into reproduction, a is the resource investment in N-fixation. Both r and
a are measured in fmol · cell−1 · h−1 and biomass is expressed in fmol/µm3. Data
correspond to daily biomass over a 35 year period. (b). Box plot of the number of
cells over a 35 year period obtained with the same (a, r) values as in panel (a). The
open circle in each box plot corresponds to the mean values of biomass and number
of cells, respectively.
with the optimal pairs at each latitude. Open circles indicate the mean biomass
values used to determine the corresponding optimal pair. Figure 4.4b shows the
population size of the two species obtained at each latitude with the same optimal
(a, r) pairs determined for the biomass. At optimal (a, r) values, heterocystous
and unconstrained species reach comparable levels of biomass production at every
latitude. The biomass of circadian species is at lower levels in all cases. For the
same (a,r) pairs however, the heterocystous species reach the highest number of
cells except for latitude 12N. At latitudes 4N and 12N, the number of cells of the
unconstrained species exceeds that of circadian species.
4.3.4 Best cell investment for biomass and population size.
Figure 4.5 shows a grid of the 5 values of a and the 13 values of r used in the
simulations. The presence of a filled dot on a grid point indicates that a species
(type indicated by the color code) at a given latitude reaches its best performance
in terms of biomass at the corresponding (a, r) pair. The (a, r) pair values and
the corresponding latitudes are listed in Table 4.2. The biomass of circadian and
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Figure 4.5: Best cell investment for each species and latitude. Colored dots indicate
that the corresponding grid point is an optimal (a, r) pair that provides the highest
biomass to a given species (see color code) at a given latitude (see Table 4.2).
heterocystous species is optimal for low values of a and high values of r. For the
unconstrained species, the range of optimal a and r values is slightly bigger than
that of the other two species. On the whole, each species has the highest biomass
production for at most three grid points. In terms of population size, the filled
oval on the left indicates that at any given latitude all three species reach their
highest number of cells for one of the two included grid points.
4.3.5 Tradeoff between biomass and population size.
From Figure 4.3 it can be seen that for all species populations, biomass production
increases with increasing r, while the number of cells decreases with increasing r.
In Figure 4.4, species that have comparable biomass production for a given op-
timal (a, r) pair can have very different population sizes for the same a and r
values. Figure 4.5 summarizes these findings showing that the (a, r) pairs cor-
responding to the highest biomass always differ from those corresponding to the
highest population size. We can hence infer the existence of a tradeoff between
biomass production and population growth in terms of number of cells. In order to
mathematically verify this hypothesis, we computed the steady state population
size V ∗ for system (4.1) and any given r, denoted as V ∗(r). We allow r to vary and
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Unconstrained Circadian Heterocystous
Lat 4N (0.1 , 5 · 10−1) (0.05 , 10−1) (0.1 , 5 · 10−2)
Lat 12N (0.1 , 5 · 10−1) (0.1 , 10−1) (1 , 1)
Lat 28N (0.05 , 1) (1,5) (0.1 , 5 · 10−1)
Lat 44N (0.1 , 5 · 10−1) (1 , 5) (0.1 , 5 · 10−1)
Lat 60N (0.1 , 5 · 10−1) (1 , 5) (0.1 , 10−1)
Table 4.2: Best (a,r) pair that provides the highest average biomass at each latitude.
fix values of irradiance, the functions δc and δn, and all other parameters (listed in
Appendix C). The same approach would be also valid for systems (4.3) and (4.4).
We then computed the sensitivity coefficient σ = σV /σr, where σV = ∆V ∗(r)/V
∗(r)
and σr = ∆r/r. The value of σ is an indicator of response of population size to the
variation of r. For the range of r values considered in this model, we found that
−1 < σ < 0 and that σ decreases towards −1 with increasing r. When σ ∼ −1,
the absolute value of the proportional change in V ∗ equals that of the proportional
change in r, hence no tradeoff is expected. When the value of σ is far from −1,
the response of the population size V ∗ to changes in r is weaker, indicating the
existence of a tradeoff. This implies that the decrease of biomass per cell due to
a smaller r cannot be compensated linearly by an increase of the population size.
Details are provided in Appendix C.
4.4 Discussion
Long term population dynamics. The sample runs in Figure 4.2 show that
the long term population dynamics superficially resemble a stochastic system, al-
though no stochastic term is present in our models. Each species continuously
tries to catch up with the external light availability, and has a different population
size at the beginning of each new seasonal cycle. The irregular oscillations and the
isolated peaks of the population size are suggesting chaotic dynamics and could
be part of the explanation for the difficult predictability of cyanobacterial blooms
observed in many bodies of water.
74
4.4. DISCUSSION
4.4.1 Cell differentiation and nitrogenase sensitivity to oxygen.
The unconstrained model represents a hypothetical, ideal combination of nitro-
gen and carbon fixation. In this hypothetical species, the nitrogenase enzyme is
not sensitive to oxygen, allowing for an unconstrained coexistence of the two pro-
cesses. Conversely, the circadian model simulated in this work is subject to very
strict constraints. The inhibitory functions δc and δn stop carbon and nitrogen
fixation during night and day respectively. Heterocystous species solve this bio-
chemical incompatibility problem by developing oxygen protected cells in which
nitrogenase can be constantly expressed. The results shown in Figures 4.3 and
4.4 indicate that heterocystous and unconstrained species have comparable per-
formance in terms of biomass production. For every value of r in Figure 4.3a and
for every optimal (a, r) pair in Figure 4.4a , the biomass value range of the two
species overlap. The biomass of circadian species is instead considerably lower, al-
though the value ranges partially overlap with that of the other species at latitude
60 N and for small values of r at lower latitudes (Figure 4.3a). These outcomes
indicate that cell differentiation is a successful way to circumvent the biochemical
constraints, since it allows for a biomass production that is comparable with the
ideal unconstrained species. Hence, in the absence of exogenous sources of fixed
nitrogen, spatial division of labor can hence significantly improve biomass accumu-
lation. The scarce performance of circadian species can be explained by the fact
that in this model, the endogenous rhythm and associated inhibition cycle is very
strict and does not allow for coexistence between carbon and nitrogen fixation.
4.4.2 Tradeoff between biomass production and population
growth.
As shown in the Results section, there is a tradeoff between biomass production
and population size whereby given a value of carbon and nitrogen consumption,
cyanobacteria can have either a high biomass output or a large population size,
but not both at the same time. Interestingly, the values of r at which the tradeoff
is higher (i.e. r ≤ 1 and −1 << σ < 0, see Figure C.3) correspond to the domain
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in which increasing r will lead to higher biomass production. This explains why in
Figure 4.5, the optimal biomass production of heterocystous and circadian species
is not at the largest r value (r = 10), but rather in the range 5 · 10−2 ≤ r ≤ 1.
Above a certain value of r, the increase of the cell investment does not lead to an
increase in biomass anymore. The reasons for the presence of the tradeoff can be
found in the form of the function Z = Z(N,C) regulating resource uptake and cell
division. Since Z is a saturation function of carbon and nitrogen, excess nutrients
can be incorporated into cell division only up to a certain level, above which popu-
lation growth (cell division) cannot be increased by decreasing the cell investment.
4.4.3 Effect of latitude.
In all models, the main effect of latitude is observed in terms of biomass. Figures
4.3 and 4.4a show that biomass decreases at higher latitudes such as 44N and 60N.
Moreover, at the higher latitudes, the difference between the biomass value ranges
of the three species is also reduced. Hence at northern latitudes, the advantages
provided by cellular differentiation over a strict circadian rhythm are less evident.
4.4.4 Conclusions.
This work shows that in cyanobacteria, spatial division of labor can overcome the
biochemical constraints due to nitrogenase oxygen sensitivity and enhance biomass
production. In terms of success at biomass accumulation, heterocystous species can
become comparable to an idealized species that has no biochemical constraints.
A strict temporal division of labor on the other hand leads to a lower biomass
productivity. This suggests that in circadian species that lack outside sources of
fixed nitrogen, selection would have to act to reduce the sensitivity of nitrogenase
enzyme to oxygen in order to increase biomass productivity. This would allow for a
more flexible temporal regulation of carbon and nitrogen fixation. However, we also
show that due to a tradeoff between population size and biomass, different species
can be successful in terms of different performance measures. This argument could
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potentially be involved in explanations for the coexistence of different species types
in the same environment. Finally, the oscillating dynamics of the population size
could open new perspectives in the study of cyanobacterial blooms.
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5 Conclusions
The evolution of multicellularity and cellular differentiation is unlikely to be ex-
plained with a unique argument. However, the study of simple multicellular or-
ganisms can help to disentangle some of the evolutionary forces influencing mul-
ticellularity and cellular differentiation. To this aim, this thesis investigated the
developmental strategies of cyanobacteria as model organism.
By considering filamentous multicellular bacteria, we found that the emergence
of multicellular life cycles can be driven by ecological factors such as birth and
death rates of the cells (Chpt. 2). According to these rates, the distribution of
filament lengths in the population varies at different population growth stages.
The differences in filament lengths however does not necessarily correspond to
differences in fitness. This last finding can lead to a paradigm modification: the
evolution of life cycles dominated by multicellularity is not only due to fitness
advantages of morphological features.
In the evolutionary history of a species, the developmental steps that were not
undertaken can be also relevant, as shown in Chpt. 3. In cyanobacteria, a step
that is physiologically possible is missing. This step corresponds to division of
labor in a unicellular context, represented by communities of differentiated sin-
gle cells. By modeling and comparing this hypothetical scenario with the extant
multicellular one, we could understand the evolutionary conditions leading to the
differentiation programs observed in natural populations. The non-multicellular
differentiated species could neither assure resistance against disruptive mutations
nor an optimization of the division of labor.
The different developmental programs can have specific roles such as the res-
olution of chemical incompatibilities at the intracellular level. In cyanobacteria,
temporal and spatial division of labor are employed to prevent the inhibition of
the nitrogenase enzyme due to oxygen. In Chpt. 4 we showed that spatial division
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of labor can enhance biomass production up to a level comparable to that of a
species where the biochemical constraints are absent.
This thesis demonstrates that the study of bacterial populations and their de-
velopmental strategies can deepen our understanding of the primordial evolution
of multicellularity and cellular differentiation during the history of life.
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A Supplementary material of Chpt. 2
A.1 Algorithm scheme
Figure A.1 illustrates schematically the algorithm used to simulate the dynamics
of bacterial populations. The five steps are performed every iteration. In the
first step, the population size is computed as the total number of cells, Nc. This
quantity is used to compute the birth and death rates β and δ, that are density
dependent. Secondly, a loop over all the filaments in the population begins. For
each filament, the number of cell divisions and cell lyses are calculated and sub-
sequently applied to the filament, that can elongate (step 3) and break (step 4).
The resulting new individuals are stored as filaments of the next iteration (step
5).
A.2 Nonlinear birth and death rates
We tested the model with two different types of nonlinear birth and death rate
functions. We used sigmoidal-shaped curves given by
β =
kb
kb +Nc
, kb =
θ N∗c
1− θ (A.1)
δ =
Nc
Nc + kd
, kd =
(1− θ)N∗c
θ
and hyperbolic functions of the form:
β =
1
1 + e−a1(Nc−c1)
a1 = − log(−(1− θ)/θ)
N∗c − c1
(A.2)
δ =
1
1 + ea2(Nc−c2)
a2 =
log(−(1− θ)/θ)
N∗c − c2
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where Nc is the total number of cells, N
∗
c is the carrying capacity, θ is the turnover
rate and c1, c2 ∈ R+. As for the linear case, the birth and rate functions in (A.1)
and (A.2) satisfy β(N∗c ) = δ(N
∗
c ) = θ. The pie charts in Figure A.2 illustrate the
distribution of filament lengths when reaching carrying capacity obtained with β
and δ as in (A.1) and (A.2). The plot shows that in both cases, the fraction of long
filaments in the population (i.e. with more than 2 cells) increases as the turnover
decreases. However, with sigmoidal functions, the trend is not very marked. On
the other hand, the charts obtained with hyperbolic functions are qualitatively
comparable with the ones of Figure 1d of the main text. This difference is due
to the fact that the sigmoidal birth rate drops quickly towards the turnover value
and does not allow a remarkable elongation of the filaments. The hyperbolic birth
rate function instead maintains high values for a longer time, before starting to
decrease.
A.3 Length distribution during the transient phase
Figure A.4 show the mean length of the filaments calculated every iteration for
two more values of θ in addition to θ = 0.9, 0.1 presented in the main text. In
Figure A.4, for the case of turnover θ = 0.01 the mean filament length does not
exceed 1000 cells. For a turnover one order of magnitude lower (θ = 0.001), the
peak of the average length of filaments (up to 2000 cells) is significantly higher.
Statistical support is given in table A.2.
A.4 Comparison of the theoretical and experimental
distributions
Fig. SA.6 shows the distribution of filament lengths obtained from experimental
(Fibrella aestuarina) and simulation data at different time points. The histograms
indicate the percentage of filaments in a given class of length, in terms of number
of cells. We used an approximation of 6.7 µm of the cell size as we have indicated
in § 2.3 of the main text. There is a 1-to-1 correspondence between number of cells
and bins. Hence, the first bin of the histograms indicates the percentage of single
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celled filaments, the second indicates the percentage of filaments with two cells,
and so on. In order to make an illustrative comparison between the two datasets,
we synchronize the two time-series according to the respective time or iteration at
which they reach the carrying capacity. According to the OD curve, F. aestuarina
reaches its carrying capacity after around 45 hours. For the theoretical data, we
simulate the population dynamics for θ = 0.1, using a starting conditions that
that is comparable to the distribution of the experimental inoculum. With this
initial condition, the population reaches the carrying capacity after 9 iterations.
We have then
45 h ' 9 iterations ⇒ 5 h ' 1 iteration .
We considered the bell-shaped curve of the mean filament length vs time (Figure
2b in the main text) as a reference to choose the following five time points for
comparison: the starting condition, one point at the left of the peak, the peak of
the average length, one point at the right of the peak and the carrying capacity.
The simulation-based histograms in Figure A.6 show a qualitative match to trends
in experimental data. A precise quantitative comparison is not possible, as we do
not have an estimation of the turnover of the F. aestuarina strain against time. In
the beginning, each population is mainly made up of short filaments. As the mean
length reaches its peak, the population has filaments of various lengths. After
the peak, the distribution of lengths is again shifted to the left, whereby short
filaments are more abundant than the long ones.
A.5 Mean length at carrying capacity and at the end
of the experiment
Table A.1 provides the mean filament length measurements when the cultures
reach the carrying capacity and at the end of the experiment. The number of cells
was calculated according to the same conversion used in the main text (see § 2.3
of the main text). Heterotrophic bacteria have a fast turnover, hence according to
the model prediction (see Figure 1c in the main text), their mean filament length
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should be already close the one of the stationary state (two cells) when reaching
carrying capacity. Data in Table A.1 support this hypothesis: the average number
of cells per filament of all heterotrophic species is near two when reaching carrying
capacity. Cyanobacteria exhibit a much slower generation time and hence a lower
turnover. When reaching carrying capacity the filament length distribution is still
far away from the stationary distribution of two cells per filament. Table A.1
confirms this prediction, showing that at that point cyanobacteria are still very
long.
The experiments performed in this study were not run in a chemostat. There-
fore, after the culture reached carrying capacity, nutrient availability was decreas-
ing and consequently death rate was increasing. The breakage process has been
accelerated and the carrying capacity of the population gradually dropped be-
low the initial one. This observation explains why at the end of the heterotroph
experiments, the average filament length is below two.
A.6 Statistical tests
For the simulation data, significance of the increase and decrease of mean filament
length at different time points was proved by comparing the distribution of the
mean at three reference points, namely the starting condition, the peak of the fil-
ament length and the time at which the population reaches its carrying capacity.
Since the data were not normally distributed, we used a Wilcoxon rank sum test
as a nonparametric hypothesis test. For each tested pair and for every turnover
rate, the null hypothesis that the two compared samples come from distributions
with equal medians was rejected, as shown in table A.2. The rank sum test was per-
formed with MATLAB statistics toolbox (www.mathworks.ch/products/statistics/).
For the experimental data, significance of the increase and decrease of fila-
ment length at different time points was proved by a one-way analysis of variance
(ANOVA, significance level of 0.05) followed by a Tukey’s test as a multiple com-
parison procedure. For each bacterial species, data at different time points were
considered as independent samples containing mutually independent observations.
In all cases, in order to match the requirement of normality of the distribution,
we transformed the sampled data by taking their natural logarithm. The ANOVA
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test compares the sample means and returns the p-value under the null hypoth-
esis that all samples are drawn from populations with the same mean. However,
ANOVA evaluates the hypothesis that the samples all have the same mean against
the alternative that the means are not all the same. In order to determine which
pairs of means were significantly different, we performed a multiple comparison
using the Tukey’s honestly significant difference criterion. The output of the lat-
ter test for each species is shown in tables A.3-A.7. In the tables, for each time
point pair we show the estimated difference in means and a confidence interval for
this difference. If the confidence interval does not contain 0.0, the samples means
are significantly different at the 0.05 level. If the confidence interval contains 0.0,
than the the samples means are not significantly different at the 0.05 level. Bolded
intervals correspond to the comparison between the inoculum and peak and be-
tween peak and carrying capacity. These three points were taken as a reference
to prove significant increase/decrease of mean length. Both ANOVA and multiple
comparison have been performed with MATLAB statistics toolbox. According to
the ANOVA test, the hypothesis that the means are all the same was rejected in
the case of all species (p < 0.05).
Statistical support for different distributions of filament length when reaching
carrying capacity is shown in Tables A.8 and A.9, for the simulation and the
experimental data respectively. In the case of the simulations, we compared the
distribution for different turnovers at that time point. The datasets of the means of
1000 runs were normally distributed. Hence we applied a one-way ANOVA followed
by a multiple comparison using the Tukey’s honestly significant difference criterion.
In the case of experiments, we compared the distribution of different species when
the population size reached its carrying capacity. We took the same approach
of a one-way ANOVA coupled with a multiple comparison, after a logarithmic
transformation of the data to match the assumption of normality.
A.7 Serial Transfer experiment and simulation
Simulation. We run a series of successive simulations, each one consisting of 20
iterations (Fig. 5a in the main text). The initial curve was obtained with the
default starting condition of one cell. When the average filament length of the
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initial culture was at its maximum, a simulation of a new culture was started. The
new simulation was initialized with one filament of the length corresponding to the
average length at the peak of the previous culture (averaged over 50 runs). The
same steps were repeated for each newly started culture. Each new simulation
with low population density emulates a transfer to a fresh medium. The choice
of a carrying capacity higher than the default of 5000 cells would have allowed
the setting of a distribution of filaments instead of a single filament as a starting
condition. However, increasing the carrying capacity leads to a considerably longer
computational time. Thereby we opted for an approximation using the mean
filament length as starting condition for each successive transfer.
Laboratory experiment. Bacteria were cultivated the same way as in the batch
culture experiments. After 17 hours the first transfer was done, whereby five mL
of the growing culture were transferred into 50-mL flasks containing 20 mL of R2A
medium. The initial culture was incubated on a shaker (120 rpm) at 29 ℃ for 5
hours, and then transferred again. Subsequently the new transfers were done with 3
hours interval. Before each transfer, sample aliquots were fixed with formaldehyde
(final concentration, 2%) and used for microscopic length observation. Pictures
were taken with a digital camera (Color View, Soft Imaging System) connected to
a light microscope (Olympus BX 51, Germany) using a 4x objective. At least 450
filaments were counted per time point.
A.8 Estimation of the time of first spilt
The assumptions of the model presented in the main text allow the derivation of
the estimated iteration at which the mean filament length in the population starts
the decreasing phase. Recalling the definition of the birth and death rate functions
β and δ as β(Nc) = −c1Nc + 1, c1 = (1 − θ)/N∗c and δ(Nc) = c2Nc, c2 = θ/N∗c ,
and setting Nc = i, the probability that the next event is a death is given by
Prob(death) =
δ
β + δ
=
(θi)/N∗c
1− [(1− θ)i]/N∗c + (θi)/N∗c
∼ θi
N∗c
where the last approximation holds if i  N∗c . The probability that an event
is a birth is hence 1 − θi
N∗c
. Assuming one single cell as a starting condition, the
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probability that the first m events are births is given by
m∏
i=1
(
1− θi
N∗c
) ∼ e−∑mi=1 θiNc = e− θm(m+1)2Nc ∼ e− θm22Nc , (A.3)
where for the first approximation we used the fact that for any ε 1,
1− ε = exp(log(1− ε)) = exp(−ε− 1
2
ε− 1
3
ε . . . ) ∼ exp(−ε) .
One can then use eq. (A.3) to estimate the number of cells occurring before the
first filament split. For example one can start by assigning the typical value of 1/e
to the probability defined by (A.3). We have then
e−
θm2
2Nc = 1/e⇔ θm
2
2Nc
= 1⇔ m =
√
(2N∗c )/θ .
If we suppose that at any of the first m events every cell divides, and considering
that the initial filament is a single cell, we expect to have 2t cells after t iterations
and hence
2t ≈ m⇒ t ≈ log2m. (A.4)
In (A.4), t represents the approximate iteration of first filament breakage. The
values t obtained by plugging in the values of N∗c and θ used in the paper fit well
with the results showed in Figure 2 of the main text and Figure 3. The time of first
split coincides roughly with the iteration at which the average length of filaments
reaches its peak. For θ = 0.9, 0.1, 0.01, 0.001 we have t = 6.7, 8.2, 10, 11.5, observed
in Figures 2 of the main text and S3 respectively. The case of a different initial
condition, where there is more than one single cell, can be treated similarly and
has been tested. By letting the product in (A.3) to start from a value N0 > 1, we
obtain m0 =
√
(2N∗c /N0)/θ. The initial condition used to produce Figure 5 has
been chosen to test the validity of the latter formula for m0. The obtained result
fitted again the predicted iteration of first split given by t0 ≈ log2m0 = 4.6, as
shown in Figure A.7.
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A.9 Stationary distribution of filament length based
on an analogous continuous time model
By considering the possible events (birth or death of a cell) in any time interval,
one can define the following model for the evolution of the filamentation process
in continuous time. Let Nj(t), j ≥ 1, denote the number of filaments of length j
in the system at time t. Then the Markovian transition rates out of the state−→
N := (N1, N2, . . .) are given by
−→
N → −→N + eˆ(j+1) − eˆ(j) at rate j b(−→N )Nj, j ≥ 1 (A.5)
−→
N → −→N + 2eˆ(j) − eˆ(2j+1) at rate d(−→N )N2j+1, j ≥ 1 (A.6)
−→
N → −→N + eˆ(j−k−1) + eˆ(k) − eˆ(j) at rate 2 d(−→N )Nj, 0 ≤ k < j − 1
2
, j ≥ 1
(A.7)
where eˆ(j), j ≥ 1, denotes the j-th unit vector, and b(−→N ), d(−→N ) represent the per
capita birth and death rates respectively. The latter are given by
b(
−→
N ) := b− c1Nc/N∗c , d(
−→
N ) := c2Nc/N
∗
c ,
where b = c1 + c2, Nc :=
∑
j≥1 jNj is the total number of cells in the system,
and N∗c is the value of Nc at the carrying capacity. In equations (A.5)-(A.7), the
first transition refers to cell birth in a filament of length j, whereby filaments of
length j lose one unit (−eˆ(j)) and those of length j + 1 increase by one (+eˆ(j+1)).
The second transition refers to cell death at the center of a filament with an odd
number of cells. In this case, a filament with 2j + 1 cells breaks (−eˆ(2j+1)) in two
filaments of length j (+2eˆ(j)). The third transition represents the case of a cell
death at any position of a filament other than the exact center, whereby a filament
of length j breaks at position k+1 (−eˆ(j)) producing a filament of length j−k−1
(+eˆ(j−k−1)) and one of length k (+eˆ(k)).
In the long term, when there are many cells in the system, the ratios nj :=
Nj/N
∗
c can be thought of as more or less continuous quantities, with behavior the
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average of what is predicted by the transition rates in (A.5)-(A.6). This yields the
following differential equations describing the evolution of the nj:
dnj
dt
= (b− c1m)(j − 1)nj−1 − j(b− (c1 − c2)m)nj + 2c2m
∑
i>j
ni, (A.8)
where m :=
∑
j≥1 jnj represents the total number of cells as a proportion of the
carrying capacity. Formally adding over j ≥ 1, one obtains
dx
dt
= c2m(m− 2x), (A.9)
where x :=
∑
j≥1 nj is the total number of filaments weighted by the carrying
capacity. Then, recalling c1 + c2 = b,
dm
dt
= b(1−m)m. (A.10)
Equation (A.10) is the well-known logistic equation, and can be integrated to show
exponentially fast convergence of m(t) to its limit 1; it then follows by integrating
(A.9) that x(t)→ 1/2. Considering that the average length of filaments L can be
derived as
L =
m
x
=
∑
j≥1 jNj/N
∗
c∑
j≥1Nj/N
∗
c
=
∑
j≥1 jNj∑
j≥1Nj
and that, as mentioned above, m(t)→ 1, x(t)→ 1/2, we have that
L→ 1
1/2
= 2.
In fact, more is true: the equations (A.8) have a stationary solution with m = 1
and nj = 2
−j, j ≥ 1, so that the equilibrium distribution of filament lengths is
geometric with mean 2.
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Carrying capacity Last datapoint
Species Mean length Confidence interval Mean length Confidence interval
R. lutea A 3.1 [0.7 , 9.1] 1.5 [0.7 , 3.9]
R. lutea B 4.3 [0.9 , 13] 1.8 [0.6 , 5]
F. limi 2.7 [0.7 , 10.4] 1.4 [0.4 , 4.1]
F. aestuarina A 4.2 [0.6 , 18.8] 1 [0.3 , 2.8]
F. aestuarina B 3.8 [0.7 , 15.9] 1.2 [0.3 , 4.4]
N. muscorum A 87.9 [9 , 305.1] 74.7 [5.7 , 274.7]
N. muscorum B 102 [10.2 , 324.6] 74.4 [7.8 , 243.8]
A. variabilis A 166.3 [11.3 , 378.3] 30.7 [3.7 , 119.4]
A. variabilis B 160.3 [28.1 , 370] 25.3 [4 , 92.3]
Table A.1: Mean length of filaments expressed in number of cells when reaching
carrying capacity and at the end of the experiment. The confidence interval is
derived from the 25th and 75th percentiles of the measured lengths. Capital letters
next to the species name indicate the experiment.
Turnover Pair compared p-value Significant difference
θ = 0.9
Starting point - Peak 0 yes
Peak - carrying capacity 0 yes
θ = 0.1
Starting point - Peak 0 yes
Peak - carrying capacity 0 yes
θ = 0.01
Starting point - Peak 0 yes
Peak - carrying capacity 0 yes
θ = 0.001
Starting point - Peak 0 yes
Peak - carrying capacity 0 yes
Table A.2: Wilcoxon rank-sum test to prove significant increase and decrease in
mean filament length in the simulation data, for different turnovers.
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1.  COMPUTE
 - TOTAL NUMBER OF CELLS Nc
     IN THE POPULATION
 - BIRTH RATE β(Nc) AND DEATH RATE δ(Nc)
2. FOR EACH FILAMENT:
    COMPUTE NUMBER OF BIRTHS b
    AND NUMBER OF DEATHS d, 
    (BOTH DEPENDENT ON Nc)
3.  APPLY b BIRTHS (e.g. b=4)   
4.  APPLY d DEATHS (e.g. d=3)  
FOCAL ORGANISM
1  L
1  L L+b
5.   SET THE RESULTING FILAMENTS
      OF THE NEXT GENERATION
      COMING FROM THE FOCAL ORGANISM 
FOCAL ORGANISM
Figure A.1: Schematic view of the algorithm describing how filament length distri-
butions are affected by processes governing birth and death rates of cells.
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Figure A.2: Distribution of filament length when reaching carrying capacity at θ =
0.1, for the case of nonlinear birth and death rates.
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Figure A.3: Plot of the function of generation timeGcell(θ) = θ 7→ (1 − θ)/θ for
θ ∈ [0, 1] (log scale). The generation time of a cell is a decreasing function of the
turnover rate. The dots indicate the generation time Gcell(θ) at carrying capacity
correspondent to the values of θ used in the simulations.
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Figure A.4: The mean filament length for 30 iterations has been tracked for θ = 0.01
and θ = 0.001 and averaged over 1000 runs. Edges of the error bars correspond to
the 2.5th and 97.5th percentiles of the distribution of the mean filament lengths in
the 1000 runs. As already shown in the main text, in the transient phase filaments
are shorter if the turnover is high (left) while they can be considerably longer for
low turnovers (right). The dotted line indicates the iteration at which the carrying
capacity is reached.
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Figure A.5: Empirical measurements showing mean length of bacteria against time,
after logarithmic transformation of the data. Standard deviation of the observation
and standard error of the mean are shown. Diamonds indicate the logarithm of
the mean length at each time point. The zero time point corresponds to the in-
oculum. The dotted vertical line indicates the time at which the carrying capacity
was reached. The horizontal dotted lines indicate the interval determined by the
standard error of the inoculum. It helps the reader in identifying the time points
at which the mean length falls in the same range. The lines are indicated only for
replicate A.
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Figure A.6: Histograms of the distribution of filament lengths according to experi-
mental data (left) and simulations (right). 115
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Figure A.7: Mean filament length over 1000 runs when the starting condition for the
simulation is comparable to the distribution of the experimental inoculum of Fibrella
aestuarina. Edges of the error bars correspond to the 2.5th and 97.5th percentiles
of the computed means.
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Time 1 Time 2
estimated difference
in means
95% confidence in-
terval of the differ-
ence
Significant
difference
1 2 -1.3245 [-1.4587 -1.1903] yes
1 3 -1.9843 [-2.1198 -1.8488] yes
1 4 -1.8289 [-1.9572 -1.7007] yes
1 5 -1.5131 [-1.6408 -1.3854] yes
1 6 -0.8446 [-0.9781 -0.7111] yes
2 3 -0.6598 [-0.7624 -0.5572] yes
2 4 -0.5044 [-0.5973 -0.4116] yes
2 5 -0.1886 [-0.2807 -0.0965] yes
2 6 0.4799 [0.3799 0.5799] yes
3 4 0.1554 [0.0607 0.2500] yes
3 5 0.4712 [0.3773 0.5651] yes
3 6 1.1397 [1.0380 1.2414] yes
4 5 0.3158 [0.2327 0.3990] yes
4 6 0.9843 [0.8925 1.0762] yes
5 6 0.6685 [0.5774 0.7596] yes
Table A.3: Multiple comparison for R. lutea. The numbers in bold pertain to compar-
isons between the time points taken as a reference to prove the increase or decrease
of filament length (between inoculum, peak and carrying capacity). Time points 1,
3 and 5 correspond to the inoculum, peak and carrying capacity, respectively.
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Time 1 Time 2
estimated difference
in means
95% confidence in-
terval of the differ-
ence
Significant
difference
1 2 -0.7856 [-1.0727 -0.4984] yes
1 3 -1.5483 [-1.7629 -1.3337] yes
1 4 -1.4924 [-1.6317 -1.3531] yes
1 5 -1.3098 [-1.4425 -1.1772] yes
1 6 -0.7944 [-0.9058 -0.6830] yes
1 7 -0.3966 [-0.5153 -0.2779] yes
1 8 0.1428 [-0.0432 0.3288] no
2 3 -0.7627 [-1.0944 -0.4311] yes
2 4 -0.7068 [-0.9955 -0.4181] yes
2 5 -0.5243 [-0.8098 -0.2387] yes
2 6 -0.0088 [-0.2851 0.2675] no
2 7 0.3889 [0.1096 0.6683] yes
2 8 0.9284 [0.6145 1.2423] yes
3 4 0.0559 [-0.1608 0.2726] no
3 5 0.2385 [0.0260 0.4509] yes
3 6 0.7539 [0.5540 0.9538] yes
3 7 1.1517 [0.9476 1.3557] yes
3 8 1.6911 [1.4418 1.9404] yes
4 5 0.1826 [0.0465 0.3186] yes
4 6 0.6980 [0.5826 0.8134] yes
4 7 1.0958 [0.9733 1.2183] yes
4 8 1.6352 [1.4468 1.8236] yes
5 6 0.5154 [0.4082 0.6227] yes
5 7 0.9132 [0.7984 1.0280] yes
5 8 1.4526 [1.2691 1.6362] yes
6 7 0.3978 [0.3084 0.4871] yes
6 8 0.9372 [0.7684 1.1060] yes
7 8 0.5394 [0.3657 0.7131] yes
Table A.4: Multiple comparison for F. limi. Time points 1,3 and 7 correspond to
the inoculum, peak and carrying capacity respectively.
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Time 1 Time 2
estimated difference
in means
95% confidence in-
terval of the differ-
ence
Significant
difference
1 2 -0.6569 [-0.9532 -0.3606] yes
1 3 -2.1569 [-2.3096 -2.0042] yes
1 4 -3.2831 [-3.4351 -3.1311] yes
1 5 -3.0246 [-3.1738 -2.8753] yes
1 6 -2.7745 [-2.9046 -2.6443] yes
1 7 -1.8450 [-1.9741 -1.7159] yes
1 8 -1.6181 [-1.7553 -1.4810] yes
1 9 -0.6248 [-0.7617 -0.4879] yes
2 3 -1.5000 [-1.7937 -1.2063] yes
2 4 -2.6262 [-2.9195 -2.3329] yes
2 5 -2.3677 [-2.6595 -2.0758] yes
2 6 -2.1176 [-2.4002 -1.8350] yes
2 7 -1.1881 [-1.4702 -0.9060] yes
2 8 -0.9612 [-1.2471 -0.6753] yes
2 9 0.0321 [-0.2537 0.3179] no
3 4 -1.1262 [-1.2730 -0.9795] yes
3 5 -0.8677 [-1.0116 -0.7238] yes
3 6 -0.6176 [-0.7416 -0.4936] yes
3 7 0.3119 [0.1890 0.4348] yes
3 8 0.5388 [0.4074 0.6701] yes
3 9 1.5321 [1.4010 1.6632] yes
4 5 0.2585 [0.1154 0.4017] yes
4 6 0.5086 [0.3856 0.6317] yes
4 7 1.4381 [1.3161 1.5601] yes
4 8 1.6650 [1.5345 1.7955] yes
4 9 2.6583 [2.5281 2.7885] yes
5 6 0.2501 [0.1304 0.3698] yes
5 7 1.1796 [1.0610 1.2981] yes
5 8 1.4064 [1.2792 1.5337] yes
5 9 2.3998 [2.2727 2.5268] yes
6 7 0.9295 [0.8361 1.0228] yes
6 8 1.1563 [1.0521 1.2606] yes
6 9 2.1497 [2.0458 2.2536] yes
7 8 0.2269 [0.1240 0.3298] yes
7 9 1.2202 [1.1176 1.3228] yes
8 9 0.9933 [0.8808 1.1059] yes
Table A.5: Multiple comparison for F. aestuarina. Time points 1, 4 and 7 correspond
to the inoculum, peak and carrying capacity respectively.
119
APPENDIX A. SUPPLEMENTARY MATERIAL OF CHPT. 2
Time 1 Time 2
estimated difference
in means
95% confidence in-
terval of the differ-
ence
Significant
difference
1 2 -0.2734 [-0.9283 0.3815] no
1 3 -1.0062 [-1.7081 -0.3043] yes
1 4 -1.1920 [-1.7798 -0.6042] yes
1 5 -0.9229 [-1.6446 -0.2013] yes
1 6 -1.0886 [-1.6670 -0.5103] yes
1 7 -0.3759 [-0.9548 0.2030] no
1 8 0.2530 [-0.3166 0.8227] no
1 9 0.8612 [0.3136 1.4087] yes
2 3 -0.7328 [-1.3658 -0.0997] yes
2 4 -0.9185 [-1.4221 -0.4150] yes
2 5 -0.6495 [-1.3044 0.0054] no
2 6 -0.8152 [-1.3077 -0.3227] yes
2 7 -0.1025 [-0.5956 0.3907] no
2 8 0.5265 [0.0441 1.0088] yes
2 9 1.1346 [0.6786 1.5906] yes
3 4 -0.1858 [-0.7491 0.3775] no
3 5 0.0832 [-0.6187 0.7851] no
3 6 -0.0824 [-0.6359 0.4710] no
3 7 0.6303 [0.0762 1.1844] yes
3 8 1.2592 [0.7148 1.8036] yes
3 9 1.8673 [1.3461 2.3886] yes
4 5 0.2690 [-0.3188 0.8568] no
4 6 0.1033 [-0.2956 0.5023] no
4 7 0.8161 [0.4163 1.2158] yes
4 8 1.4450 [1.0587 1.8313] yes
4 9 2.0531 [1.7003 2.4060] yes
5 6 -0.1657 [-0.7440 0.4127] no
5 7 0.5470 [-0.0319 1.1260] no
5 8 1.1760 [0.6063 1.7457] yes
5 9 1.7841 [1.2365 2.3317] yes
6 7 0.7127 [0.3270 1.0985] yes
6 8 1.3417 [0.9699 1.7134] yes
6 9 1.9498 [1.6129 2.2867] yes
7 8 0.6289 [0.2563 1.0016] yes
7 9 1.2371 [0.8992 1.5749] yes
8 9 0.6081 [0.2863 0.9299] yes
Table A.6: Multiple comparison for A. variabilis. Time points 1,4 and 6 correspond
to the inoculum, peak and carrying capacity respectively.
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ANALOGOUS CONTINUOUS TIME MODEL
Time 1 Time 2
estimated difference
in means
95% confidence in-
terval of the differ-
ence
Significant
difference
1 2 -0.0195 [-0.4886 0.4496] no
1 3 -0.9441 [-1.4060 -0.4821] yes
1 4 -1.3273 [-1.7791 -0.8754] yes
1 5 -1.5394 [-1.9966 -1.0821] yes
1 6 -1.5702 [-2.0264 -1.1140] yes
1 7 -1.1567 [-1.6141 -0.6993] yes
1 8 -0.9917 [-1.4422 -0.5413] yes
1 9 -0.8992 [-1.3577 -0.4408] yes
2 3 -0.9246 [-1.2437 -0.6055] yes
2 4 -1.3078 [-1.6122 -1.0034] yes
2 5 -1.5199 [-1.8322 -1.2076] yes
2 6 -1.5507 [-1.8615 -1.2399] yes
2 7 -1.1372 [-1.4497 -0.8247] yes
2 8 -0.9723 [-1.2745 -0.6700] yes
2 9 -0.8798 [-1.1938 -0.5657] yes
3 4 -0.3832 [-0.6764 -0.0900] yes
3 5 -0.5953 [-0.8967 -0.2940] yes
3 6 -0.6262 [-0.9260 -0.3263] yes
3 7 -0.2126 [-0.5142 0.0890] no
3 8 -0.0477 [-0.3386 0.2432] no
3 9 0.0448 [-0.2584 0.3480] no
4 5 -0.2121 [-0.4978 0.0736] no
4 6 -0.2430 [-0.5271 0.0412] no
4 7 0.1706 [-0.1154 0.4566] no
4 8 0.3355 [0.0608 0.6102] yes
4 9 0.4280 [0.1403 0.7157] yes
5 6 -0.0308 [-0.3234 0.2617] no
5 7 0.3827 [0.0883 0.6771] yes
5 8 0.5476 [0.2642 0.8311] yes
5 9 0.6401 [0.3441 0.9362] yes
6 7 0.4135 [0.1207 0.7064] yes
6 8 0.5785 [0.2967 0.8603] yes
6 9 0.6710 [0.3765 0.9654] yes
7 8 0.1649 [-0.1188 0.4486] no
7 9 0.2574 [-0.0389 0.5537] no
8 9 0.0925 [-0.1929 0.3779] no
Table A.7: Multiple comparison for N. muscorum. Time points 1,6 and 7 correspond
to the inoculum, peak and carrying capacity respectively.
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Turnover 1 Turnover 2
estimated difference
in means
95% confidence inter-
val of the difference
Significant
difference
0.001 0.01 222.7728 [219.4576 226.0879] yes
0.001 0.1 244.8196 [241.5044 248.1347] yes
0.001 0.9 247.1738 [243.8587 250.4890] yes
0.01 0.1 22.0468 [18.7316 25.3620] yes
0.01 0.9 24.4011 [21.0859 27.7162] yes
0.1 0.9 2.3542 [-0.9609 5.6694] no
Table A.8: Multiple comparison for the distribution of filament lengths when reach-
ing carrying capacity for different turnovers.
Species 1 Species 2
estimated difference
in means
95% confidence
interval of the
difference
Significant
difference
R. lutea F. limi 0.2258 [0.1411 0.3104] yes
R. lutea F. aestuarina -0.1325 [-0.2086 -0.0564] yes
R. lutea N. muscorum -2.7501 [-2.8968 -2.6033] yes
R. lutea A. variabilis -3.6092 [-3.8242 -3.3942] yes
F. limi F. aestuarina -0.3583 [-0.4350 -0.2815] yes
F. limi N. muscorum -2.9758 [-3.1230 -2.8287 ] yes
F. limi A. variabilis -3.8350 [-4.0502 -3.6197 ] yes
F. aestuarina N. muscorum -2.6176 [ -2.7599 -2.4752] yes
F. aestuarina N. muscorum -3.4767 [-3.6887 -3.2647] yes
N. muscorum A. variabilis -0.8591 [-1.1055 -0.6128] yes
Table A.9: Multiple comparison within species of the distribution of filament length
when the population reaches its carrying capacity.
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B.1 Basic Results without Cheaters
We depict how the resident population would grow without the presence of the
cheaters. We recall that the system was found to evolve towards one of the fol-
lowing three steady states: one corresponding to the extinction of resident and
cheater populations (Y1), one in which only resident population survives (Y2), and
one in which the cheaters overcome the resident population (Y3). Assuming a given
density of vegetative cells and no heterocysts at time t = 0, at the beginning the
most relevant role is played by nitrate, since the initial presence of some nitrate
is necessary to allow any development and growth of cells. In fact, nitrate is only
produced by heterocysts, but these can appear in the system only by division of
vegetative cells. In the absence of nitrate, the growth of vegetatives is impeded,
consequently the system can only evolve toward steady state Y1 (Figure B.1aa-b).
The same argument is not valid for solar energy, because irradiance represents a
constant positive inflow rate (Figure B.1ac-d).
An extreme condition that also does not allow the growth of the resident pop-
ulation is either pv = 0 or ph = 0 (Figure B.1b). In the first case, the vegetative
cells generate only heterocyst cells: they will both become extinct, because the
vegetatives do not reproduce after their extinction, and hence heterocysts can not
be produced anymore. If ph = 0, no heterocysts and consequently no fixed nitro-
gen are produced and thus the vegetatives don’t have the necessary resources to
survive.
If these extreme cases are avoided and the death rate is sufficiently small to
allow for growth, then in the absence of cheaters, the resident population follows
a logistic trend, eventually reaching a steady state Y2 (Figure B.1c).
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B.2 Montecarlo Simulations for winning factor
determination
Figure 4 of the main text shows the output of simulations in which only pv, pv′ have
been chosen in [0, 1], while the other constants are set according to Table 1 in the
main text. Those results correspond to a Montecarlo sampling of 115,000 different
parameter sets. However, plots of samples of size 15,000 are shown, because of
better graphic appearance and consequent better comprehension of their related
meaning.
To expand the domain of tested parameter sets, we used a Montecarlo sampling
scheme in the entire parameter and initial conditions space, for both models.
In the homogeneous mix model, we sampled 115000 different sets of 21 val-
ues: the constant parameters a,q,r,c0,I,r0,k0,kN ,kC ,kNC ,kI ,kG,kIG in [0, 100], k in
[0, 10], the initial densities V (0), H(0), V ′(0) in the range [0, 100] and N(0), C(0)
in [0, 10]. We decided not to sample the death/decay rate p3, because a slightly
higher value of this parameter in comparison to others would have simply caused
the death of the populations, giving then useless information about the investi-
gated dynamics. In Figure B.2a we plot the vegetative steady states vs the ratio
pv/pv′ . Blue dots mean V > V
′ and correspond to strains with pv, red dots in-
dicate that V ′ > V and they compete having a value pv′ . The blue dots occupy
the region of the graph where pv > pv′ , and the red dots occupy the region where
pv′ > pv. Hence again the strain with the higher pv value wins.
In the compartmental model we sampled sets of 22 values: the constant pa-
rameters as for the homogeneous mix model and the initial densities V (0), H(0)
in the range [0, 100] and N(0), C(0), N ′(0), C ′(0) in [0, 10]. We set equal ini-
tial values of vegetative and heterocyst cells for the two compartments, namely
V ′(0) = V (0), H ′(0) = H(0). In Figure B.2b, we plot the vegetative steady states
after 115000 competitions. The legend of the dots is the same as in the previous
figures. The horizontal axis is the ratio v∗/v′∗, where v∗ indicates the steady state
reached in isolation with the same correspondent parameters. The demarcation
line around v∗/v′∗ = 1 shows that the strain with the higher carrying capacity
in isolation wins. The exceptions to the latter rule represent the 2%-3% of the
competition experiments. These exceptions correspond to cases in which (i) a nu-
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RATIO
merical error occurs; (ii) pv ' pv′ , hence the time required for the populations to
stabilize is longer than the simulation time; (iii) The pv value of the loser is too
close to 0, hence the corresponding population can not grow.
B.3 Evolutionary optimization of
vegetative/heterocyst ratio
To test the evolutionary optimization of pv values, we simulated successive com-
petitions by running stochastic simulations of the population dynamics through
Gmax mutational events. This means that we evaluate Gmax consecutive competi-
tion experiments between a resident strain and a newly arrived mutant. We refer
to the fixed population as the wild type and to the other competing population
as the mutant, with the proportion of vegetative cells produced at each division
equal to pwild and pmutant respectively. The simulation of the i mutant competi-
tions, i = 1 . . . Gmax, given an initial wild type with pwild(0) chosen randomly in
[0, 1], consists of the following steps:
1. Compute pmutant(i), using pmutant(i) = pwild(i)+δp(i), where δp ∼ N(0, 1). If
pmutant(i) > 1 then we set pmutant(i) = 1, if pmutant(i) < 0 then pmutant(i) = 0
(in order to assure pmutant(i) ∈ [0, 1]).
2. Run the competition between the two strains, with equal numbers of wild
type and mutant cells as initial condition.
3. Record the value of pv for the winner and repeat step 2 with pwild(i + 1) =
pwild(i) if the wild type won the competition i, otherwise with pwild(i+ 1) =
pmutant(i) if the mutant won the competition i.
We repeat the simulation for M trials, hence recording evolution along Gmax
mutant competitions with M different pwild as starting point. We also ran simu-
lations setting the number of cells for the wild type initial condition of generation
i at the final steady state of the winner population at generation i − 1, but this
was without effect on the final outcome.
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B.4 Model of the Circadian Rhythm
In order to model the alternation of day and night in the circadian rhythm, we
express the irradiance I by a Hill transformed sine curve as plotted in Figure B.3.
We have
I(t) = A
(ρ(t) + 1)γ
(mγ + (ρ(t) + 1)γ)
, ρ(t) = sin(
pit
12
) .
The parameter m regulates the duration of day and light. In particular, m is
the value of ρ(t) at which I(t) = A/2. We map the values of m into a quantity
representing the percentage of daylight in respect to the 24 hours period. To
achieve such mapping, we consider the values of t at which I(t) = A/2 and we
take the difference between those values as an approximation of duration of day
and night. Let t1, t2 be the first two points at which I(t) = A/2 (Figure B.3).
Setting d as the percentage of day, we have that
t1 =
12
pi
− arcsin(m− 1),
t2 = 12− 12
pi
− arcsin(m− 1)
d = % day =
t2 − t1
24
=
12
pi
(pi − 2 arcsin(m− 1))
⇒ m = 1− sin(dpi − pi
2
)
(B.1)
The case of no daylight corresponds to d = 0,m = 2. However, for m = 2 we
don’t have I(t) = 0 ∀t, because I is a smooth function. Hence, to investigate this
extreme case, we simply set I = 0 in the equations.
B.5 Phylogeny of Cyanobacteria
Sequence alignments of the 16S rRNA gene sequences (38 taxa, 2017 characters)
were carried out using Clustal X software with default settings [200]. Phylogenetic
reconstruction was carried out using a maximum likelihood analysis and Bayesian
analyis. The best evolutionary model of nucleotide substitution that fits the data
was obtained by using the Akaike Information Criterion as implemented in Mod-
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eltest 3.5 [143]. The selected model was GTR + I + G (General time reversibel
model, I: proportion of invariable sites, G: γ correction) [103, 154]. The esti-
mated substitution rates were R(A−C) = 1.0489, R(A−G) =2.3685, R(A−T ) =1.5135,
R(C−G)=0.4953, R(C−T )=3.4634, R(G−T )=1.0000. The base frequencies were esti-
mated at 0.2479(A), 0.2159(C), 0.3071(G) and 0.2290(T). The proportion of in-
variable sites was estimated to be 0.3705 and the rate of heterogeneity among
variable sites was estimated to follow a gamma distribution with the shape pa-
rameter α = 0.4380. Maximum likelihood analysis with the GTR+I+G model
was performed using PAUP 4.0 [197]; bootstrap values were obtained from 400
resamplings of the data set. Bayesian analyis used a GTR+I+G model as well,
but in this case, specific values of model parameters were not defined a priori.
The analysis was done by running a Markov Chain Monte Carlo search with four
chains, one cold and three heated, for 1,500,000 generations, with trees being sam-
pled every 100 generations. To determine the “burn-in”, log likelihood plots were
examined for stationarity (where a plateau is reached). Stationarity was clearly
reached after less than 10,000 generations but we discarded the first 3,000 trees to
ensure that stationarity was completely reached. A higher “burn-in” did not alter
the tree topology. Bayesian posterior probabilities were given by the percentage
each branch was produced and were calculated from the remaining 12,001 trees.
Bayesian analyis was performed using MrBayes 3 [157].
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Figure B.1: (a)Role of Initial Resources in the single-cell model. If nitrate is absent
in the beginning, the growth of cells is not possible (panels A and B). When it is
already present, the system reaches the steady state Y2 (panels C and D). The result
can be generalized to the compartmental model. (b) Vegetative and Heterocyst
Solutions for Extreme Values of pv. The extreme cases in which vegetative cells or
heterocysts are not produced lead to the population extinction. (c) Logistic Growth
in Absence of Cheaters. In both models, the resident population exhibit a logistic
growth toward a steady state.
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a b
Figure B.2: (a)Monte Carlo simulation for the homogeneous mix model, with random
sampling of all parameters and initial conditions in R21. (b)Monte Carlo simulations
for the compartmental model, with random sampling of all parameters and initial
conditions in R22.
0 10 20 30 40 50 60 70 80 90 100
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
t
Irr
ad
ia
nc
e
DAY
NIGHT
t2
t1
Figure B.3: The function for the irradiance I that represents the alternation of day
and night, for A = 1,%day = 0.3, γ = 30. At t = t1 and t = t2, it holds I(t) = A/2.
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Table B.1: Strains used in this study with accession numbers
Clade and strain GenBank accession no.
Clade I
Synechococcus sp. PCC 6301 AP008231
Synechococcus sp. CC9605 AY172802
Synechococcus sp. WH8101 AF001480
Prochlorococcus sp. MIT9313 AF053399
Synechocystis sp. PCC6803 NC 000911
Synechocystis sp. PCC6308 AB039001
Synechocystis sp. CR L29 EF545641
Cyanobium sp. JJ23-1 AM710371
Cyanothece PCC 8801 AF296873
CladeII
Pleurocapsa sp. CALU 1126 DQ293994
Dermocarpa sp. MBIC10768 AB058287
Myxosarcina sp. PCC 7312 AJ344561
Myxosarcina sp. PCC 7325 AJ344562
Clade III
Arthrospira PCC 8005 X70769
Lyngbya aestuarii PCC 7419 AB075989
Leptolyngbya antarctica ANT.ACE.1 AY493588
Arthronema gygaxiana AJ133106
Pseudoanabaena sp. PCC 6802 AB039016
Pseudoanabaena sp. PCC 7403 AB075995
Phormidium mucicola IAM M-221 AB003165
Oscillatoria sancta PCC 7515 AF132933
Oscillatoria sp. AJ133106
Trichodesmium erythraeum IMS 101 (AF013030)
Spirulina subsalsa IAM M-223 AB003166
Spirulina sp. PCC 6313 X75045
Spirulina laxissima SAG 256.80 DQ393278
Clade IV
Nostoc sp. PCC 7120 X59559
Nostoc sp. PCC 6720 DQ185240
Anabaena cylindrica PCC 7122 AF247592
Anabaena PCC 7108 AJ133162
Calothrix desertica PCC 7102 AM230699
Calothrix sp. PCC 7103 AM230700
Nodularia sp. PCC 7804 AJ133181
Clade V
Fischerella muscicola SAG2027 AM709634
Fischerella PCC 7414 AB075986
Chlorogloeopsis fritschii PCC 6912 AB075981
Chlorogloeopsis sp. PCC 7518 X68780
Outgroup
Agrobacterium tumefaciensstrain D6 EU155875
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C.1 The irradiance function
The choice of the parameters used in the irradiance function driving the model
(equation 5 in the main text) was made to best match the available real data.
These data represent the total monthly potential flat surface radiation measured
at the center of UTM zones 32N, 32P, 32R, 32T, 32V. In our model, we needed the
exact sunrise times at these locations. However, the centers of those UTM zones
do not always correspond to a city. It was then easier for us to get the sunrise
times of cities at the same latitude of the centers, considering that the longitude
does not affect the local sunrise time. Figure SC.1a shows the variation of the
monthly irradiance at different latitudes according to the irradiance function of
the model. In Figure SC.1b, the comparison between the yearly total irradiance
obtained from the model and from the real data indicates that the irradiance
function approximate the real irradiance well.
C.2 Analysis of the tradeoff between biomass and
population size
According to the results shown in Figures 3-5 in the main text, a high cell in-
vestment r corresponds to high levels of biomass production, but not to a large
population size (and viceversa). Since the biomass is given by
biomass =
r
rd
· V ,
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where V is the number of cells, this tradeoff can be generated by a nonlinear
change of the number of cells with respect to changes in r. We quantify these
variations by computing the sensitivity coefficient σ = σV ∗/σr. We use the default
parameter values listed in Table 1 of the main text and the sample values a =
0.1, δc = δn = 0.5 and I = 1000 to compute the population size steady state V
∗(r)
for the circadian species. For these particular values, we use symbolic algebra in
Maple to numerically solve for the equilibria of system (1) of the main text. We
have that
V ∗(r) = −0.1 + 60
r
.
Given two values r′′ and r′ where r′′ > r′, we define
σV ∗ =
∆V ∗
V ∗(r′)
=
V ∗(r′′)− V ∗(r′)
V ∗(r′)
,
σr =
∆r
r′
=
r′′ − r′
r′
.
σ = σV ∗/σr .
The coefficient σ is a measure of the sensitivity of the population steady state
to variations in r. Figure C.3 shows the plot of σ vs r, where r ranges between
10−5 and 10 as in the main simulations. The graph shows that −1 < σ < 0
and that σ decreases exponentially with increasing r. As σ approaches -1, the
tradeoff becomes weaker. We can then conclude that increases in r lead to a lower
sensitivity of population size in respect to r (as evidenced by the decrease in |σ|).
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Figure C.1: (a)Total monthly irradiance at the five considered latitudes computed
according to the irradiance function used in the model. (b) Normalized difference of
the total yearly irradiance at different latitudes based on real data (blue) and model
(black).
Table C.1: Value of a corresponding to the highest mean biomass for each r value,
latitude and species type.
r values
Lat. Sp. 10−5 5 · 10−5 0.0001 0.0005 0.001 0.005 0.01 0.05 0.1 0.5 1 5 10
4N Circ 0.1 0.5 0.05 0.1 5 0.05 0.05 0.05 0.05 0.1 0.05 5 0.5
Het 0.1 1 1 5 5 0.05 1 0.1 0.1 1 1 5 5
Unc 0.1 0.1 0.1 1 1 1 0.05 0.05 0.05 0.1 0.5 1 5
12N Circ 0.1 0.1 0.5 1 5 0.5 0.05 0.05 0.05 0.1 0.05 1 0.5
Het 0.1 0.5 1 1 5 0.05 0.05 0.1 0.1 1 1 5 5
Unc 0.1 0.05 0.1 0.5 1 5 5 0.05 0.1 0.1 0.5 1 5
28N Circ 0.1 0.05 0.5 0.1 0.05 0.05 0.05 0.05 0.05 0.5 0.05 1 0.5
Het 0.1 0.5 1 5 5 0.05 0.05 0.1 0.1 1 1 5 5
Unc 0.05 0.05 0.05 0.5 1 5 0.05 0.05 0.1 0.1 1 1 5
44N Circ 0.05 1 0.5 0.5 1 0.05 0.05 0.05 0.05 0.1 0.5 1 5
Het 0.05 0.5 1 5 5 0.05 0.05 0.1 0.1 1 1 5 5
Unc 0.05 0.05 0.1 1 1 5 0.05 0.05 0.05 0.1 1 1 5
60N Circ 0.1 0.5 0.1 0.1 5 0.05 0.05 0.1 0.05 0.1 0.5 5 0.05
Het 0.1 0.5 0.1 1 5 0.05 0.1 0.1 0.1 0.5 1 0.1 5
Unc 0.05 0.1 0.1 0.5 1 5 0.05 0.1 0.1 0.1 0.1 1 1
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Figure C.2: Zoomed view of Figure 2 of the main text for r ≥ 10−3. Box plots
represent the population size recorded daily over a 35 years period at latitudes
4N, 12N, 28N, 44N and 60N. The value of a used for these box plots provides the
maximum mean biomass for the corresponding r and latitude.
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Figure C.3: Sensitivity coefficient σV ∗/σr for values of r ranging between 10
−5 and
10.
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D Future work
D.1 Coexistence of carbon and nitrogen fixation in
Trichodesmium
As already mentioned in previous chapters, cyanobacteria that fix both carbon
and nitrogen separate these two processes in time or in space. This is because the
oxygen produced during photosynthesis inhibits the functioning of nitrogenase.
Temporal division of labor corresponds to circadian species, while spatial division
corresponds to heterocystous species. However Trichodesmium, a cyanobacterial
species, represents a different and unique case. As a future offshoot of this thesis,
I aim to study the mechanisms for the coexistence of the fixation processes in
Trichodesmium by considering the biophysical properties of this species.
Trichodesmium is ubiquitous in oceans at tropical latitudes. Filaments of Tri-
chodesmium do not have heterocyst cells, but they fix nitrogen in the daylight
period, when photosynthesis is performed and oxygen levels are high. According
to several studies, nitrogenase is expressed in clusters of cells (diazocytes) usually
situated in the middle of the filament [30, 81, 111, 13, 166]. However, diazocytes
do not exhibit special morphological properties as a thick cell wall and are not ter-
minally differentiated. In Trichodesmium, nitrogen and carbon fixation do not al-
ternate according to a circadian rhythm, however photosynthesis is lowered around
mid-day, when nitrogen fixation reaches its maximum [13, 44, 51]. Although these
findings could suggest the presence of reversible differentiation mechanisms, the
strategy for the coexistence of carbon and nitrogen fixation is still a matter of
debate and not a fully understood problem.
Natural populations of Trichodesmium are mainly found in colonies composed
of parallel filaments (tufts) or trichomes arranged in star-shaped bundles (puffs).
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Single filaments or small colonies are not always able to fix nitrogen [135]. Usually,
diazotrophic cells occupy a central position in the filament [13, 44]. However,
considering a section of the entire colony, the cells with nitrogenase appear to be
more randomly distributed [56]. The spatial arrangement in the colonies might
favor the creation of low oxygen regions, where nitrogen fixation can take place
successfully. Direct measurements of O2 concentration in Trichodesmium colonies
has provided evidence of micro-oxic zones in the bundles [135].
D.2 Open questions
The expression of nitrogenase only in defined, compact regions could favor the bal-
ance of gas and nutrients fluxes along the filament, hence representing a way to al-
low for the coexistence of nitrogen fixation and photosynthesis. If no thick cell wall
separates the diazocytes from the other cells, the success of Trichodesmium strat-
egy would be related to how nitrogen, oxygen and other chemicals diffuse in the
filament and in a colony. The study of dissolved gases diffusion in Trichodesmium
can reveal whether the clustering of diazocytes plays a role in preventing inhi-
bition due to oxygen. It has been hypothesized that the spatial pattern of cells
in colonies creates a micro-oxic region in which nitrogenase is protected from the
surrounding oxygen. By numerically simulating gas dynamics in the whole colony,
I wish to investigate the extent to which this assumption is valid. In particular,
I would like to investigate the role of spatial arrangement of diazocytes and of
the ratio between diazocytes and photosynthetic cells on the formation of a low
oxygen region in the colony.
D.3 Existing theoretical work on Trichodesmium
Although Trichodesmium is widely studied, the topic of gas dynamics in filaments
and colonies is rarely approached. Staal et al. [188] developed a reactive-transport
model of the influx of oxygen to heterocysts and diazocytes, providing a plausible
explanation for the absence of Trichodesmium from freshwater and for its abun-
dance in tropical oceans. However, they only considered diffusion into one cell
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without taking into account the rest of the filament.
The internal exchange mechanisms and the physiology of filamentous cyanobac-
teria are still unresolved issues [52, 126]. Walsby hypothesized that, in differenti-
ated filaments, gas exchange takes place mainly through actively regulated termi-
nal pores of the heterocystous cells [210]. Though providing useful descriptions of
heterocysts morphology, Walsby’s work presently lacks empirical proof. Regarding
diffusion in a colony, previous attempts to derive oxygen concentration in a colony
by means of theoretical calculations failed in matching the experimental data [31].
D.4 The mathematical model
Reaction-diffusion systems are a suitable mathematical framework for the simu-
lation of gas diffusion in a filament or in a colony. We model a tuft in which
we consider three main reactions, namely photosynthesis, nitrogen fixation and
cellular respiration. As shown in Figure D.1, the domain representing a tuft con-
sists in a rectangular domain D = D1 ∪ D2 ∪ D3, with boundary ∂D, where
Di, i = 1, 2, 3 indicate a domain region in which a particular reaction occurs. For
each substance involved in the mentioned reactions, we provide a partial differen-
tial equation. The variables of the system are then: oxygen O(x, t), sugar (fixed
carbon) S(x, t), fixed nitrogen N(x, t), carbon dioxide C(x, t) and free atmospheric
nitrogen N2(x, t). For the ease of reading, in the following we will omit writing the
dependence of these variables on x and t. Oxygen and sugar are produced in the
photosynthetic zone (green, D1), while nitrogen is produced in the diazotrophic
area (blue, D2). Since oxygen and nitrogen seep out of the cells, we also consider a
certain amount of empty spaces (gray, D3) where diffusion occurs without produc-
tion . Free nitrogen, oxygen and carbon dioxide are assumed to be always present
in some concentration in the surrounding water. Considering a time interval [0, T ],
the set of partial differential equations of the model are:
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D1:
photosynthesis zone,
no nitrogen fixation
O
CO2
S +
D2:
nitrogen fixation zone,
no photosynthesis
N2S
N
D1
D2
D1
D3
D3
D3:
acqueous environment, 
diffusion only
N O
D1
D1
D3
D2
D3
D2
(A) (B)
Figure D.1: Examples of schematic domain of a tuft-shaped Trichodesmium colony.
In (A), diazocytes occupy the central region of filaments. in (B), they are ran-
domly distributed. In both examples, the photosynthetic subdomains (D1) absorb
solar light and dissolved CO2 to produce sugar (fixed carbon) and oxygen. The
diazotrophic region (D2) takes in dissolved nitrogen and sugar to fix nitrogen. In
the empty surrounding space (D3) nitrogen and oxygen can leak out and diffuse
passively.
∂O
∂t
= DO4O − γ(x)h1R(O, S)− a1ψ(x)PN(N2, S, O) + ϕ(x) b1 PO(I, C)
∂S
∂t
= DS4S − γ(x)h2R(O, S)− a2ψ(x)PN(N2, S, O) + ϕ(x) b2 PO(I, C)
∂N
∂t
= DN4N − γ(x)hN N
N + kN
+ ψ(x) a3 PN(N2, S, O)
∂C
∂t
= DC4C − ϕ(x) b3 PO(I, C) + γ(x)h3R(O, S)
∂N2
∂t
= DN24N2 − ψ(x) a4 PN(N2, S, O)
(D.1)
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where
PO(I, C) =
1
1
k0
+ 1
kI I
+ 1
kC C
+ 1
kICI C
,
PN(N2, S, O) =
1
1 + kinibO
· 11
k0
+ 1
kN2 N2
+ 1
kS S
+ 1
kOO
+ 1
kN2O N2O
+ 1
kSN2 SN2
+ 1
kSOSO
R(O, S) =
1
1
k0
+ 1
kO O
+ 1
kS S
+ 1
kOSOS
,
(D.2)
and
γ(x) =
{
0 if x ∈ D3
1 if x ∈ D1, D2
ψ(x) =
{
0 if x ∈ D1, D3
1 if x ∈ D2
ϕ(x) =
{
0 if x ∈ D2, D3
1 if x ∈ D1
(D.3)
In order for equations (D.1) to be a well-posed problem, we provide the following
boundary and initial conditions:
O(x) = Odiss = 7 ag µm
−3 in ∂D × [0, T ], O(x, 0) = O0 = 1 ag µm−3
S(x) = 0 in ∂D × [0, T ], S(x, 0) = S0 = 0 ,
N(x) = 0 in ∂D × [0, T ], N(x, 0) = N0 = 0 ,
C(x) = Cdiss = 90 ag µm
−3 in ∂D × [0, T ], C(x, 0) = C0 = 1 ag µm−3
N2(x) = N2,diss = 12.5 ag µm
−3 in ∂D × [0, T ], N2(x, 0) = N2,0 = 1 ag µm−3 .
In system (D.1), the first term of the equations represents diffusion, characterized
by the coefficients D(·) specific for each element. The function R(O, S) represents
cellular respiration, whereby oxygen and sugar are consumed to produce carbon.
PN(N2, S, O) corresponds to the production of fixed nitrogen, that needs free ni-
trogen as row material, and sugar and oxygen for energy. The term 1/(1 + kinibO)
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represents the inhibition of nitrogen fixation due to the presence of oxygen. Pho-
tosynthesis is represented by the function PO(I, C), whereby the constant solar
energy I and carbon dioxide are used to produce sugar and oxygen. Water is
assumed non-limiting and not included in the equations. Functions R,PN and
PO are Michaelis-Menten functions for multiple substrates. This class of functions
allows the use of all the considered substrates as limiting factors for the output
production. The coefficients k(·) are the specificity constant for each substrate and
their products. The coefficients a(·), b(·) and h(·) indicate the rate of consumption
or production of the different elements and are can be derived from stoichiometric
calculations. Functions γ(x), ψ(x) and ϕ(x) depend on space and indicate the
regions of the domain in which the corresponding reaction takes place.
D.5 Simulation plan and scope
The model will be simulated first in 2-D, and according to the results obtained,
possibly extended to 3-D. The first step will be to explore distinct tuft domains
with different aggregation patterns and proportions of nitrogen fixing and vege-
tative cells. For each of these domains we will study the performance of the tuft
in terms of nitrogen and carbon production. We have already developed an algo-
rithm that given a fixed number of cells in the tuft, generates random domains.
We additionally need an algorithmic procedure that evaluates the degree and type
of aggregation of the nitrogen fixing cells for any randomly generated tuft pattern.
This first set of simulations is expected to determine the optimal cell distribution
in Trichodesmium tufts. We will then develop an evolutionary algorithm to study
the evolution of a random population of Trichodesmium filaments towards the
optimal tuft pattern.
By mean of this model we aim to simulate the evolutionary conditions leading
Trichodesmium to develop the colony structures observed in nature. This would
contribute in disentangling the biophysical mechanisms making Trichodesmium a
very successful species of our oceans.
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